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1. (8 points) Find the arc length of the curve y =
1

3

(
2x− 1

3

) 3
2

for
1

6
≤ x ≤ 2

3
.

Solution:

y′ =
1

2

(
2x− 1

3

) 1
2

· 2

√
1 + (y′)2 =

√
1 +

(
2x− 1

3

)
=

√
2x+

2

3

L =

∫ 2
3

1
6

√
1 + (y′)2 dx =

∫ 2
3

1
6

√
2x+

2

3
dx

=
1

2

2

3

(
2x+

2

3

) 3
2

∣∣∣∣∣∣
2/3

1/6

=
1

3

[
23/2 − 13/2

]
=

1

3
(2
√
2− 1)

2. (6 points) A force of 20 Newtons will stretch a spring 0.1 meters from its natural length.
Find the work (in Newton-meter) required to compress the spring 0.2 meters from its
natural length.

Solution: F = kx =⇒ 20 = k(0.1) =⇒ k = 200.

W =

∫ 0.2

0

200x dx = 100x2

∣∣∣∣2/10
0

= 4N ·m



Math 221 Exam 2—Solutions, Page 2 of 4 2018 Fall

3. (10 points) Find the centroid of the region under the curve y = cos(x), for −π

2
≤ x ≤ π

2
.

Solution:

M =

∫ π/2

−π/2

cosx dx = sinx

∣∣∣∣π/2
−π/2

= 2

Mx =

∫ π/2

−π/2

1

2
cos2 x dx (cos 2x = 2 cos2 x− 1)

=
1

4

∫
(1 + cos 2x) dx

=
1

4
(x+

1

2
sin 2x)

∣∣∣∣π/2
−π/2

=
π

4

y =
Mx

M
=

π

8

Symmetry of the region allows us to conclude that x = 0. The centroid is (0, π
8
)
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4. (12 points) Determine whether the sequence converges. If the sequence converges, cal-
culate its limit.

(a) {an}∞n=1, where an =

(
1 +

2

n

)n
3

Solution: Let L = limn→∞ an. Then

lnL = lim
n→∞

n

3
ln

(
1 +

2

n

)
=

1

3
lim
n→∞

ln
(
1 + 2/n

)
n−1

L′H
=

1

3
lim
n→∞

1
1+2/n

· −2n−2

−n−2

=
2

3
lim
n→∞

1

1 + 2/n
=

2

3

Therefore L = e2/3

(b) {cn}∞n=1, where cn =
1

n2
+ sin(n)

Solution: The sequence does not converge since limn→∞ sin(n) does not exist.

5. (6 points) Compute the sum of the series
∞∑
n=2

3n−1

4n−1

Solution:

=
∞∑
n=2

(
3

4

)n−1

=
3
4

1− 3
4

=
3

4
· 4 = 3
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6. (18 points) Determine whether the series converges; list each test of convergence.

(a)
∞∑
n=0

n3 + 2n+ 1

2n4 − n2 + 3

Solution: Limit Comparison Test with
∑

1
n
:

lim
n→∞

n3 + 2n+ 1

2n4 − n2 + 3
· n
1
= lim

n→∞

n4 + 2n2 + n

2n4 − n2 + 3
=

1

2

Thus by Limit Comparison Test, the given series also diverges

(b)
∞∑
n=2

∣∣∣∣∣cos
(
1

n

)∣∣∣∣∣
Solution: lim

n→∞

∣∣∣cos( 1
n

)∣∣∣ = 1 ̸= 0, so by divergence test, the series diverges

(c)
∞∑
n=1

n

en2

Solution: Using ratio test:

lim
n→∞

n+ 1

e(n+1)2
· e

n2

n
= lim

n→∞

n+ 1

n
· 1

e(n+1)2−n2

= lim
n→∞

n+ 1

n
· lim
n→∞

1

e2n+1

= 1 · 0 = 0 < 1

By ratio test, the series is absolutely convergent


