Math 221 Exam 2—Solutions, Page 1 of 7 2019 Fall

1. (a) (6
0

points) Write an integral that calculates the length of the curve y = x + sinz,
<z < 7. Do not evaluate the integral.

Solution:

/ V14 (14 cosz)2dx
0

(b) (8 points) Find the surface area of the surface obtained by rotating the curve y =

Vz, 1 <z <4 around the z-axis. Evaluate the integral.

Solution:
, 1
Y=o
1
AV
(y')" = yy
Then
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2. (14 points) Find the center of mass (centroid) (Z,y) of the region bounded by y = ™7,
Tr =

, x = 1 and the z-axis.

xT

1+e

Solution:
1 1
M = e Pdr=—e% =|—et+1
0 0
1 [t 1/t
My,== [ (e")Pdz== [ e*de=—=[e?]
2 Jo 2 Jo
D I
1 —x
My:/xexdx T e,m
B — 1 —e
+ 0 e*
=—ze " —e"
1
=(—x—-1)° | =|-21+1
0
Thus
j_%_—26—1+1_ —2+e
M —e 141 | —1+e
_— Mx . _i(€72 - 1)
y= M  —e 141
B 1 1—¢2 B 11—¢?
 d—e+e2 del-—ce

4e
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3. (a) (7 points) A spring requires 10J to stretch it 2m from its rest length. How much
work is required to stretch the spring from 2m to 4m from its rest length.

Solution:
2

2 22
10:/ kxdx:k? =2k = k=5
0

(b) (8 points) Find the work required to pump all the liquid out of a cylindrical tank
that has a base of radius 10ft and height 50ft. Use the fact that the density of the
liquid is p Ib/ft*.

Solution:

W = Fd
=Vpd
= prr? dy(50 — y)

50
:/ pm100(50 — y) dy
0

50
y?
= 1007p [50y — ?]
0

502
= 100mp—- = 50°1p =|1250007p Ib ft
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4. Evaluate the following

(a) (7 points) di tanh ™' (sin(2?)), where tanh™" is the inverse function of tanh.
x

Solution: )

TW + COS (I’Q) - 2x

1
V9 + 22

dx, using the substitution z = 3sinh 6.

(b) (7 points) /

Solution:

:/ L -3coshfdb
\/9(1 + sinh? 0)

cosh 0 dé T
= [ /= 1d0:9:sinh—1(—>+0
/\/Cosh29 3
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5. Consider the differential equation

(a)

dy 3 2
— = z°y°.
dx y

(3 points) Find the constant solutions.

Solution:

(8 points) Find the general solution to the differential equation

Solution:

/y_2dy:/x3dm

4 4 4
4z z*+4Cy 2+ Oy
_— = — C pu— pu—
Y 4+ 1 1 1
4
y(x)__:c‘l—i—C

(3 points) Find the particular solution satisfying y(0) = 2.

Solution:
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6. (a) (7 points) Evaluate the limit of the sequence liTan 1H¢E?)'
Solution: In(n) f '
dim S g = i 5 =0

My —
(b) (8 points) Use the squeeze theorem to calculate lim Los(n).
n n
Solution:
-1 < cos(n) < 1
1 cos(n) 1
< = < =
ny n () "y
o L o g0 < o4t
n n n
and

Thus by squeeze theorem,

2 _
i 20 cos(n) <2 ~
n—00 n n—00
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7. Evaluate the series:

1)"5 42"
(a) (7 points) (=15 +
3n
n=0
Solution:
L (—1)"5 42" = ( 1)” > (2)”
SO s () (2
n=0 3 n=0 3 n=0 3
I D
(DT
1 1
=5-7+t71
3 3
15 27
— 43—
4 * 4
(b) (7 points) i;
P n:3nn—1)
Solution:
1 -1
nn—1) n  n-—1

so we consider

> (-

-3)
we () () (2520 - (25)

and the series sums to

S = lim S, = lim (1—1>:

k—o0 k—o0




