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1. Evaluate the following integrals.
(a) (10 points) /x3 In(x) dx
Solution:
D I
+ lnz 23
1 2t
r 4
SO
4 1 4 1
/xSIn(x)dx = %lnx —/Zx3dx = %lnx - Ex‘l%—c
r?dz
b) (12 points

Solution: =z = sect, dr = secftan 6 db.

sec? 0
Vsec20 — 1

2
sec’6 secftanddf

dx = secftanddf

7=

//FJ o
0

B Vtan? 6
20

:/i(;c esecﬁtanﬁde
n

= /sec3 0do

secOtanf 1
—T+§/Secﬁd9

Otand 1
- %—l—iln\se(ﬁ%—tan@\

Otand 1
- w+§ln\sece+tan6\

1 1
= §:r\/x2—1+§ln:v—l—\/x2—1 +C

1
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2. Evaluate the integrals.

(a) (10 points)

[ ="

Solution: u = e*, du = e* dx,

x?—4
b) (12 point d
() (12 points) [ £ s
Solution:
22— 4 —4 5x
(x24+1) =  22+1
SO

24 —4
/I dx:/ — + or dx
3+ x 2 +1

=|—4lIn|z| + gln(:c2 +1)+C

3. (10 points) Evaluate the improper integral or show that it diverges / re
0

2
2x diIZ’

Solution: u = —222%, du = —4x dx. so
o0 1 —0o0
/ ze 2 dg = ——/ e du
0 4 Jo
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Math 221

e

4. Let R be the region trapped between y =1 and y = cosz with 0 < x <

(a) (6 points) Find the area of the region R.

Solution:
w/2

0

w/2
/ (1 —cosz)dr =z —sinx
0

s ™
— 10 ==-1
2 (0) 2

(10 points) Find Z, the = coordinate of the centroid of R. (Do not calculate 7.)

Solution:
D I
w/2
My:/ (1l —cosz)dx tow cosw
0 -1 sin x
+ 0 —cosz
x? (zsinz + )W/Z ™ o7 (1) w2 7r+1
= — — (zsinz + cosz =——=]—-(-1)= — — =
2 . 8 2 8 2
Thusf:%: /8 —m/2+1
A /2 -1

5. (8 points) Evaluate the series Z sin (gn) 27"

n=1

Solution: Notice that sin(gn) cycles between the values 1,0, —1,0. Expanding out

the series:

Zsin<gn>2_”:1-2_1+0-2_2+(—1)-2_3+0-2_4
n=1 +1.2—5+0.2—6+(_1).2—7+0.2—8+...

27l 93 42 27T 4 ...

This is a geometric series with @ = 27! and » = —272. Thus it converges to the value
3 14 |2
S 1-(-3) 25 |5
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6. Let S = Z%
n=1 ’

(a) (4 points) Explain why the series converges.

1 1 1
Solution: Since lim — = 0 and ———— < —, by the Alternating Series Test,

the series converges.

(b) (4 points) How many terms are required to approximate S with an error less than
0.017

Solution: The error for an alternating series |S — S| is bounded above by the
next term in the series. Thus we want

1
!
N1 < 0.0l = 100 < (N +1)!

Since 4! = 24 and 5! = 120, this first holds when

(c) (2 points) Evaluate S by using an appropriate series on the cover page.

Solution:
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dy  cos’(y)
dt e

7. (12 points) Solve the initial value problem, , ¥(0) = 0. Express your final

answer in the form y = f(¢).

Solution:

/secQ(y) dy = /6_2t dt

1
tan(y) = —56_% +C

1 1
0= —-=-e"+(C = C=-
56 2

1 1
A= tan-1[ —2e2t 4 =
y(t) an ( 26 + 2)

oo 2 n
8. (12 points) Find the interval of converge of the power series g (\9;_+—?)) (Make clear
n- 3"
n=1

the status of any end points.)

Solution:

r+2 n
3 Vn+1

1| +2l<1
= —|x
3

b= Tim (v +2)" Vn-3"
n—oo |\/n+ 1.3+ (x+2)"

n—o0

= |z+2|<3
= —-H<z<l1
Atz =1: f: \/ﬁg”gn = i % diverges by p-series test (p = % <1).
n=1 n=1

(3" o (D" o1
At x = —5: Z ~ = Z converges by AST, since — decreases to 0 as
N — 00 n=1 \/_ -3 n=1 \/ﬁ \/ﬁ

Thus the interval of convergence is |[—5, 1)
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9. Determine whether the following series converge or diverge. State clearly which test you
are using and implement the test as clearly as you can. The answer for each problem is

worth 2 points and the work you show 4 points.

(a) (6 points) Z 1+51

— 7 cos -

1+4
Solution: by divergence test, since nlg%o 7cosnl =
n

= n’+5
b) (6 points _
() (6 points) 3o
. . . . 1
Solution: Limit comparison test with Z 7
p=13 <1). Since
n?+5
omdan . n5/2+5n1/2_
di BT = i S =10
nl/2
by Limit Comparison Test, both series

which diverges (p-series with

(c) (6 points)

NE
— %

n=1

Solution: Using the Ratio Test:

(n+1)!)? (2n)!
2(n+1))! (n!)?

Thus by the Ratio Test, the series

(n+ 1)

=, (2n+2)(2n+1)

n—oo

lim
n—oo

1
=-<1
4
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10. (12 points) Find the second degree Taylor polynomial T5(x) for the function f(z) = \/z
centered at x = 4.
Solution: Recall the formula for the nth Taylor polynomial centered at x = a:
" (n)
L) = f(0) + f@—a)+ D@ g 1 LDy
Thus we compute
flz) =V f4)=2
1 1 1
/ _ —1/2 / 4 _
1 1 1
" 32 " -
SO
Ty(a) =|2 4 3o —4) — gy (w — 47
2\ T ) = 1 X 64 T
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11. (a) (4 points) Use an approximate series from the cover sheet to find the Maclaurin

series for

1+ a2

Solution: Starting with

n=0
we substitute to get
1 1 - 2\n - n,.2n
1—(—22) 1+a2 Z(—x )= Z(_l) g
n=0 n=0

(b) (4 points) By integrating your expansion in part (a) obtain the Maclaurin series
for tan~! .

Solution: Dropping integrals:

1 - n,.2n
/1+x2d“’:/nz:0(—1)l’ dz
- tan_lzczi/(_l)anndx:i (=)™ 204 O
n=0 1

2n +

n=0

Setting x = 0 gives 0 = tan™!0 =0+ C = C = 0. Thus

- = (-1)
t Ly
an_ T E ST

n=0

n
2+l
1

(¢) (2 points) Use part (b) to evaluate the sum 1 — 5 + 1

Solution: Evaluating the Maclaurin series in (b) at z = 1 gives the series
specified. Thus

1 T
l— 4+ -4+ - —...=tan Y1) =|=
+ 7+9 an~ (1) 1
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12. (8 points) Use the series

o0 n 2
x x
T _ fl -1 Lo
e ;n! +o+ ot
and
In(1+ x) :i(—l)”+1x—n:x—lx2+lx3—---
vt n 2 3

to find the terms up to z* for the Maclaurin series of e**In(1 + 2?).

Solution:
v — (22)") [« 1 "
62 ln(1+1‘2) = (Z n‘ Z(—l) +17
n=0 n=1
(25“)2 (237)3 2 s, L
=11+2 . _ -
( + 2z + 5 + 6 + oo +3x +

4o 1
— 72 (14_23;4_%4_...) —5334(1—1—---)—1—---

1
:x2+2x3+2x4—§x4+---

3
=|z?+ 23 + 5:(:4 + h.o.t.

Remark: “h.o.t.” stands for “higher order terms”
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13. (a) (6 points) Sketch the graph of the polar equation r = 6 cos(d), 0 < 6 < 7.

Solution:
0 r = 6cosf :
0 6 ,
/4 3v2
/2 0 |
3r/4 | —3V2
e —6 3 4 5

(b) (6 points) Convert the polar equation in part (a) to a rectangular equation in x
and y, and state what familiar shape it is?

Solution: The formulas used to switch to polar are

r=+z2+y? x =rcosf

Converting to rectangular:

r = 6cos(6)

2> —6x+9+9y*=9
(x—3)+y* =3

This is a |circle of radius 3 centered at (3,0)
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14. Consider the curve with parametric equations x =4 — sin(2t), y = 5 + cos(2t).
(a) (6 points) Find the slope of the curve at a general value of t.

Solution:

dy

dy ¢  —2sin(2t)
@ —_— = tan(?t)
dt

dz — —2cos(2t)

(b) (4 points) Find the equation of the tangent line to the curve at t = 7 /2.

Solution: Computing:

The tangent line is

(c) (8 points) Find the length of the curve for 0 <t < .

Solution:

T dz\? dy 2
L= er Y
[V ()
- / \/4 cos?(2t) + 4sin?(2t) dt
0
:/ Vidt —[27]
0
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15. (10 points) Calculate the area bounded by one petal of the rose r = 2 cos(40).

function, we require
i

4025 — 0=

Thus the interval is 6 € [~%, ]

The area (in polar) is given by

/8

A= / = d9—/ L
7r/82
/8
/7‘(’/8
1/'7T/2
2 —m/2
/2
:/ cos?(u) du
0

1
51nucosu+2/1du

—(2cos(46))*do

2 cos?(46) dd

cos?(u) du

o

]:

[smucos U+ U

N | — Ml»—[\nly—l

O
+

Solution: We need to determine the interval for € that traces out a single petal. A
single lobe for cos@ occurs in the interval 6 € [—

Relating this to the given

23l

™

8

s
8

(u=40;du = 4d0)

(symmetry of even functions)




