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1. (10 points) Evaluate the following integral.

wtan~!(z) dz, where tan~!(x) is the inverse tangent function.

Solution:

D 1

+ tan"!(z) =z
1 2z

2+1 2

1 1 2
/xtan_l(x) dr = 2% tan"!(z) — —/ Tz
2 2) x?2+1

1 1 1
= —r’tan ' (z) — —/ 1- dz
2 2 x?2+1

1 1 1
= 5952 tan ! (z) — 3% + 3 tan 'z + C

22 dw
2. (12 points) Evaluate the following integral. / —_—
(12 points) & integ JI_ a2

Solution: =z =sinf, dz = cosf df

/ a?de [ sin’@cosfdf 1
V1—a? V1 —sin?6 .
0
:/sin29d9
V1— 22
sinfcosf 1
ek A
. +2/ a0
1 1
:—isinecose—l—iQ

1 1
= —§$\/1—x2+§sin’1$+0
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3. (10 points) Evaluate the integral. /

54e

2x

2z

Solution: u = €2*, du = 2e2* dx so

2x

/ ¢ dx
54 e2@

1 1
—/ du
2 5+ u

11\+5|
2nu

%ln(e% + 5) +C

3z% +8
4. (12 points) Evaluate the integral. d
(12 points) Evaluate the integra /x3+4x x
Solution:
31248 2 x
r(z2+4) x 2244
/3x2 +38 / 2 N x d
x = - x
3+ 4z x  2?2+4
1
=|2In|z| + §ln(x2 +4)+C
5. (10 points) Evaluate the improper integral or show that it diverges. Use limit notation.
5
dx
1 VI — 1
Solution:
5 5
dx
li =1l 2vr —1
S bfP—[ ! J
— lim (2\/1—2\/5—1> —4—0=[4]
b—1—
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6. (8 points) Explain why the following series converges, and then evaluate it.
)

May 13, 2020

Solution: This is a geometric series with a = 2

(1)
since ‘—ﬂ < 1. The series converges to
a % —% -2
IL—r 1—(=%) ”TH T+ 4

! — _T
3 and r = —7. It converges

7. Let R be the region trapped between y = x and y = 22, with 0 < z < 1.
(a) (6 points) Find the area of the region R.

Solution:

Solution:

(10 points) Find 7, the y coordinate of the centroid of R. (Do not calculate T.)

1/t 11 1.0 1
sz—/ (7 = (%)%) doz = = |z2® — —a°
2 /o 213 571, 15
M, o _[2
Y= T 1575
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8. Let S = i =)™
‘ = 241

(a) (4 points) Explain why the series converges.

Solution: The sequence b, = ﬁ is decreasing and has lim,, ., b, = 0, so by

Alternating Series Test, the series converges.

(b) (4 points) How many terms are required to approximate S with an error less than
0.017

Solution: The error of an alternating series is bounded by the next term:
IS — Sn| < by

So to ensure the error bounds, we enforce

1
. <00l=— = 100<2(N+1)+1
AN+1)+1 = 100 SANFD+

= NE%:48.5

Thus N = 49 suffices.
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oo . 2 n
9. (12 points) Find the interval of convergence of the power series g %
n-4m

n=1

(Make

clear the status of any end points.)

Solution:

-9 n+1 4"
lim (z = 2) n

- _ —Clp—2l-1<1

4

x—2 n ‘ 1

= |z —2| <4
= —2<z<6

At z = 6:

o

4n 1
; = ; - diverges (harmonic series)

Atz = —2:

Z (n . 4)n = Z ( n) converges (alternating harmonic series)

n=1 n=1

Thus the interval of convergence is |[—2, 6)

d
10. (12 points) Solve the initial value problem, (1 + ¢?) d_?Z = 2teY, y(0) = 1. Express your

final answer in the form y = f(¢).

Solution:

2t
/eydy:/1+t2dt

—eV=I(1+t*)+C
Yy = —1n<—ln(1 + t2) — C)
y(0) = —In(—In(1) = C) =1
= In(—-C) = -1
— C=—¢!

— () = —n(~In(1+£) +7!)
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11. Determine whether the following series converge or diverge. State clearly which test you
are using and implement the test as clearly as you can. The answer is worth 2 points
and the work you show 4 points.

(a) (6 points) Z Vi

2
—~n +1
Solution: C i ith th 1 L
olution: Comparing with the series Z Yok
. n\Q/fl : n2
lim —— = lim 5 =

Since # converges (p-series test with p = 3/2 > 1), by Limit Comparison
Test, the series

Remark: Direct Comparison Test can also be used, since Z

1
2

Vn <Z\£_25:

n?+1

cos(1/n)

(b) (6 points) m

n

Solution: Since
cos(1/n) 1

R sin(i/n) 27"

this series by Divergence Test.

12. (6 points) Determine whether the following series converges or diverges. State clearly
which test you are using and implement the test as clearly as you can. The answer is
worth 2 points and the work you show 4 points.

> (on2 —3\"

Z n?+Tn

n=1

Solution: Using root test:

) 2n2 —3\" . 2n%2—3
lim {/| —— = lim =2>1
n—00 n2+Tn n—oco N2 + Tn

By root test, the series
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13. (12 points) Find the third degree Taylor polynomial 73(z) for the function f(z) = cosx
centered at © = /2.

Solution:
f(z) =cosz f(m/2)=0
f'(z) = —sinx f(m)2)=—1
f"(z) = —cosx f"(w/2) =0
f"(x) =sinz f(m/2) =1

14. (8 points) Use the series expansions for e* and (1 + x)™ on the cover page to find the
terms up to z* for the Maclaurin series of e** /1 + 2

Solution:
x _2n
a2 _ r— o L4 15
e —ng_oﬁ—l—l—x +§a: +6$ +--
2\1/2 L, %(_%)4
(1+27) :1+§x —l—Tx + -
1 1
:1—|—§x2—§x4—|—-~-
z? Lo, 1, 2 1 4 L 4
" V1+a?= 1+§x—§x SRR el e R [l (R s I

3 7
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15. (a) (5 points) Use an appropriate series for the cover sheet to find the Maclaurin series

1
for T

Solution:

n=0
=R
_ (—~5
1 ( SL’) n=0
1 - n,.5n
n=0

3

(b) (3 points) Use your answer to part (a) to find the Maclaurin series for i =
x
Solution:
3 [e.e] [e.e]
z _ .3 n,.5m __ n,.5n+3
i ngo(—l) " = ng()(_l) T

(c) (7 points) Use your answer to part (a) to evaluate the following integral, expressing
dx

1+ 2°

1
your final answer as an infinite series. /
0

Solution:

1 d[L‘ /1 o0
— -1 nx5n
/0 e [ X

n=0

oo 1)

_ Z é ) $5n+1:|
n=0 n+

n+1

n=0

1

—_

0

(a8
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16. Consider the curve with parameric equations x = >+ 1, y = 2t3, t > 0.

(a) (4 points) Find the slope of the curve at a general value t.

Solution:
dy
dy q¢ 6t
— == = — =3t
de dz ot
dt

(b) (4 points) Find the equation of the tangent line to the curve at ¢ = 1.

Solution:
d
m= -2 =3
dz |,_,
z(1) =
y(1) =2

(c) (4 points) Convert the equation to a rectangular equation in z,y.

Solution:

r=t"+1 = t*=0-1

y =2t =|2(x — 1)*?
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17. (8 points) Find the length of the curve x =t + 1, y = 2t3, 0 <t < 1.

Solution:
1 1
L— / VIR Ly dt = / V20?4 (6)2 dt
0 0
1
_ / VAT 360 dt
01
:/ VAR + 98 dt
0
1
_ / 21T+ 92 dt

0
1

10
= - Vudu

91

1 2 10
-z [u3/2]
9 3 1

2
—(1 3/2 _ 1)

27

(u=1+9t* du = 18t dt)
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18. (a) (6 points) Convert the polar equation r = 2sin #+4 cos 6, to a rectangular equation
inz,y.

Solution:

r?2 = 2rsinf + 4r cos
22+ y° =2y +4x
2 —dr+44+yP—2y+1=4+1

(=2 + (y = 1)* = (V5)

(Circle centered at (2,1) with radius v/5)

(b) (5 points) Sketch the graph of the polar equation in part (a) with 0 < 6 < 7.

(Note: V2~ 1.4, V3~ 1.7, V/5~22)

Solution:

0 | r=2sin6+4cosd

0 |0+4=4

m/A 22 4.2 =32~ 42
/2|24 0=2

19. (6 points) Find the slope of the polar curve r = 2sinf + 4 cosf at 0 = 7 /2.

Solution:

x =rcosf = (2sinf cosd + 4 cos* 0)

y =rsinf = (2sin® 6 + 4sin  cos )

d
dy d_z ~ 2-2sinfcosf + 4sin0(—sinf)) + 4 cos ) cos
dz — dr — 2sinf(—sinf) + 2cos? 6 + 8 cos f(— sin 6)

do

_dy 4-0-4+0
Cdry., 24040

—4
=l




