
Math 222 Exam 3 November 13, 2014

Instructions: Wait to open the exam until instructed to do so. Then
answer the questions in the spaces provided on the question sheets. If you
run out of room for an answer, continue on the back of the page. You will

have 1 hour and 20 minutes to complete this exam.

Question Points Score

1 10

2 15

3 15

4 15

5 15

6 15

7 15

Total: 100

Name:

Recitation Instructor:

Recitation Time:
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1. (10 points) Calculate the integral∫∫∫
B
x2y cos(xyz) dV

where B = [0, π]× [0, 1]× [0, 1].
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2. (15 points) Calculate the integral of

f(x, y, z) = 12xyz

over the region
W : 0 ≤ x, 0 ≤ y, 0 ≤ z ≤ 1− x2 − y2
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3. Consider the region
R : y ≥ x, x2 + y2 ≤ 4

(a) (10 points) Express ∫∫
R
ex

2+y2 dA

as an iterated integral using polar coordinates.

(b) (5 points) Evaluate the integral.
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4. Let P be the parallelogram in the plane spanned by the vectors 〈1,−1〉 , 〈1, 1〉.
(a) (5 points) Find a linear mapping G(u, v) which maps the square [0, 1]× [0, 1] to P .

(b) (5 points) Compute the Jacobian of G.
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(c) (5 points) If ∫
P
f(x, y) dA = π

then compute ∫ 1

0

∫ 1

0

f(x(u, v), y(u, v)) du dv
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5. (15 points) Calculate ∫
C
xecos(y)−z ds

where C is the helix parametrized by c(t) = (sin(t), t, cos(t)) for 0 ≤ t ≤ π.
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6. (15 points) Evaluate ∫
C
F · ds

where F(x, y, z) = 〈ex, ey, ex+y〉 and C is the curve

c(t) = (ln(t− 1), ln(t+ 1), ln(t2 − 1))

for 2 ≤ t ≤ 4.
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7. Consider the vector field

F(x, y, z) = 〈y + z, x+ z, x+ y〉

and c(t) = (
√
t, sin(πt2), et) for 0 ≤ t ≤ 4.

(a) (5 points) Show that F satisfies the cross-partials condition.
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(b) (5 points) Find a potential function for F or determine that F is not conservative.
Explain your response.

(c) (5 points) Evaluate
∫
C F · ds.
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Coordinate systems

Polar Cylindrical Spherical

x = r cos(θ) x = r cos(θ) x = ρ cos(θ) sin(φ)

y = r sin(θ) y = r sin(θ) y = ρ sin(θ) sin(φ)

z = z z = ρ cos(φ)

r =
√
x2 + y2 r =

√
x2 + y2 ρ =

√
x2 + y2 + z2

θ = tan−1(y/x) θ = tan−1(y/x) θ = tan−1(y/x)

z = z φ = cot−1

(
z√

x2 + y2

)

dx dy = r dr dθ dx dy dz = r dr dθ dz dx dy dz = ρ2 sinφ dρ dφ dθ

Change of variables

G : D0 → D

G(u, v) = (x(u, v), y(u, v))

Jac(G) =
∂x

∂u

∂y

∂v
− ∂x

∂v

∂y

∂u

∫
D
f(x, y) dx dy =

∫
D0

f(x(u, v), y(u, v)) |Jac(G)| du dv

Line integrals

c(t) for a ≤ t ≤ b parametrizing C

∫
C
f(x, y, z) ds =

∫ b

a

f(c(t)) ‖c′(t)‖ dt

∫
C
F · ds =

∫ b

a

F(c(t)) · c′(t) dt


