MATH 222 CALCULUS 3 SUMMER 2014: EXAM 1

Name:

Instructor:

To receive credit you must show your work.

Problem 1. The points P = (2, — V2, -1),0=(1,0,-2)and R = (1, — V2, —1) determine
a triangle in 3-space.

a)(10 points) Find out all three angles in degree.

Solution: PQ = Q — P =< —1,V2,-1 >, PR = R— P =< -1,0,0 >, OR =

—0 = _ _ PPk _ 1 _ OPOR _ A3
R-Q =< 0,-V2,1 >. Thus cos/QPR = ok = 30 COSLPQR = Sog = 3,

cos/QRP = % = 0. Therefore ZQPR = %, /POR = %, /QRP =

1N
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b)(10 points) Let S = (0,0, —2). Check whether these four points P, O, R and S are
in the same plane.
Solution: First find out the equation of the plane through P, Q and R. i = P@x PR =<
0,1, V2 >. Thus the equation is
v+ V2z = -2V2.

Plug § = (0,0,-2) into the above equation. The equation holds. Then S is on the
plane PQOR. Thus these four points are in the same plane.
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Problem 2. Compute the following:
(1) (10 points)

d
E(< £, cos(t), 1 > x <0, In(t), arctan(t) >);
Solution:

d
E(< 2, cos(t), 1 > x <0, In(t), arctan(t) >)

d
:E < cos(Darctan(t) — In(t), —*arctan(t), in(t) >

n 1 i
cos(1) — —, =2tarctan(t) —

= < —sin(t)arctan(t) + ,
® ® 1+ ¢ 1+7

2tin(t) +t > .
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(2) (10 points) Let x(¢) =< —cos(?), sin(t), 1 > and y(r) =< —sin(t), cos(t),0 >:
lim [4x(1) = 2y(0);

Solution: lim,_,¢ x(t) =< —1,0, 1 >, and lim,_,o () =< 0,1,0 >. Thus

1ir51||4x(t) -2y =14<-1,0,1>-2<0,1,0> || =] <-4,-2,4> | =6.
11—
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Problem 3. (10 points) Find the intersection points of the surface x = 2y? — 2z% and the

curve r(r) = (de™ )i+ (1 + 62;1 )f +(1 - ez; K.

. . 2 211 2t—1
Solution: Since x = 2y* —2z2and x = 4¢' ,y =1+ e; ,z=1- % we have

2t—1 eZt—l

4" =21+ S —201 - 2
e ( 3 ) = > )
The right hand side can be simplified to
4l 21 M2 M2
2(1 + -2(1 - =2(1+ —+e") =21+ — — e~
( 7 ) XA ) ( 7t )X ¢ )
= 477"

Thus we have 4e” = 4¢%~!, which implies 2 = 27 — 1. Then r = 1. Therefore the

intersection point is < 4e, 1 +e/2,1 —e/2 >.
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Problem 4. (10 points) Convert from cylindrical to spherical coordinates.
Vs
2,—,1).
@7
Solution: First change from cylindrical coordinates to rectangle coordinates. r = 2,
t=7%,2=1.Then x = rcos(t) = 2cos(%) = V2, y = rsin(f) = V2.
Then change from rectangle coordinates to spherical coordinates. p = /x? + y? + 7% =

V5, tan(0) = X = 1, cos(¢) = i= \/ig So the spherical coordinates is < V3, f,arccos\/i5 >,
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Problem 5. Let rG) =< sin(t), —cos(t),t > be a curve in 3-space.

a)(10 points) Find out the equation for the tangent line of this curve at the point where
t=0.

Solution: r'(O) =< 1,0,1 >. r(@) =< 0,—1,0 >. Thus the equation for the tangent
lineis < x,y,z>=<0,-1,0> +r < 1,0, 1 >.



8 MATH 222 CALCULUS 3 SUMMER 2014: EXAM 1

b)(10 points) Find out the arc length function with the starting point where ¢ = 0, and
find out the arc length parametrization of the curve.

Solution:

s(t) = f ||rG)’||dt:f Veos2 (1) + sin?(t) + 1dr = V2u.
0 0

Thus the arc length parametrization of the curve is rlfs) =< sin(%), —cos(%), \/% >
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¢)(10 points) Compute the curvature at the point # = 0.
Solution: r(0) =< cos(0), sin(0), 1 >=< 1,0,1 >, r(0) =< —sin(0), cos(0),0 >=<

0.1,0 >. Then = I@x©® _ 1
T llr ()3 2
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d)(10 points) Find the decomposition of a(z) (which is the acceleration vector of F(r))

into tangential and normal components at ¢ = 0.

K] 2272
=< 0,1,0 >. Then

—

ay=a-T=<0,1,0> ay=|lag]| = 1. N =

-

aT:zi-T:

2=0T + IN.

Solution: ¥ = r'(0) =< 1,0,1 >, & = r’(0) =< 0,1,0 >. T= L =< 2 0 2 5



