MATH 222 SPRING 2017

EXAM 2

Problem 1.(20 pts) Let f(z,y) = z* + 2xy + 3y>.
a) Find an equation of the plane tangent to the surface z = f(x,y) at
the point (1,—1,2).

The tangent plane has an equation of the form

c=2= fo(L-D(@ — 1)+ f,(1, 1)y +1).

Since
0
fx(l,—l):a—ile =B +2y), -1 =1,
y=-—1 =—1
of
fy(lv_l):a_yle :(2$+6y)x:1 = —4,
y=—1 y=—1

the tangent plane is given by
z—2=(x—1)—4(y+1).
b) Use part a) to estimate f(1.01, —1.02).
Using the equation of the tangent plane for linear approximation,
f(1.01,-1.02) = 2 ~ (1.01 — 1) — 4(—1.02 + 1),

hence
f(1.01,-1.02) ~ 2+ 0.01 + 0.08 = 2.09.
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Problem 2. (20 pts) Let f(x,y) = 23 + 3zy — 2y%
a) Find the directional derivative of f(z,y) at the point (1,1) in the
direction of the vector v = 47 — 37.

The directional derivative is given by

where . .
v 4i—3j

el s
is the direction of the vector v and
is the gradient of f(z,y) at the point (1,1). Since

u

of
fz(lal)zax—l_(gﬁ—i_?’y)x 1 =6,
y=1 y=1
aof
fy(171)=a—yx—1=(3x—4y)x:1——1,
Yy = =1
one has
Vf(1,1) =6i—j
and 43 97
Dof(1,1) = (6i — j) - (=i — 2j) = =—.
wf(1,1) = (60 — ) (52 5]) 3

b) Find the direction of the most rapid increase of f(x,y) at the point
(1,1) and the directional derivative in that direction.
The direction of the most rapid increase of f(z,y) at the point (1, 1)
is the direction of the gradient:
L VLY Gy
0 = = .
IVALDI V37

The directional derivative in the direction wg is:

Dupf(1,1) = Vf(1,1) -uo = [V f(1,1)]| = V3T.
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Problem 3. (20 pts) Let function z = f(x,y) be given implicitly by
the equation
2+ =2+ 2yz.
Find the gradient of f(x,y) at the point (2, 1).
Re-write the equation for z in the form g(z,y, z) = 0, where

g(x,y,2) = 2 + vz — 2yz — 2°.

The chain rule implies that

9z (99 / Jdg\ _ 3'+=

or Ox 0z)  x—2y—322
Note that for (z,y) = (2,1) z is given by 84+ 22 = 23+ 22, hence 2® = 8
and z = f(2,1) = 2. Therefore,

0z 14 7
@)=y mg ==
y =
2z =
Similarly,
%__<@)/(@)_L
dy dy 0z x— 2y — 32?2
and 0z 4 1
fy(271):a—y r=2="]3~- 3
y=1
z=2
Thus

VI@1) = L2 i+ 21 = g 5
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Problem 4. (20 pts) Find and classify (as a local maximum, a local
minimum or a saddle) the critical points of the function

flz,y) = 2° — 6xy + ¢,
The critical points of f(x,y) are solutions of the equation

Vf(z,y) =0.
Since o/ o/
- = 2 — _J - _
I 3x° — 6y, 3y 6x + 2y,

the critical pints are given by the system of equations

322 — 6y = 0,
—6x 4+ 2y = 0.

The second equation implies y = 32 which can be substituted in the
first equation to yield 322 — 182 = 0. Thus z = 0 or z = 6 and the
critical points are (z,y) = (0,0) and (z,y) = (6, 18).
To classify these points, compute the second order derivatives
o0 f o0 f o0 f 0 f
_67 A 5 2a
oy?

8z~ 0 Oxdy - Oyox B

and form the discriminant

D(z,y) = det Jex(,9) fﬂ”y(m’y)} — det [6"’3 _6} — 12 — 36.

foe(@,9)  fyy(2,y) —6 2
Since D(0,0) = —36 < 0, the critical point (0,0) is a saddle point.
Since D(6,18) = 36 > 0 and f,.(6,18) = 36 > 0, the critical point
(6,18) is a point of local minimum.
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Problem 5. (20 pts) Find the maximum and minimum values of the
function f(z,y) = 3z + 4xy, subject to constraint z? + y* = 5.

The maximum and minimum values are attained at the critical points
(x,y) which satisfy the system of equations

fz(xay) = )‘gx(xvy)7
fy(@,y) = Agy(z,9),
g(r,y) = 0.

Here g(x,y) = 2*+y*—5 is the constraint function and ) - the Lagrange
multiplier - is an unknown constant. Calculating the partial derivatives
of f(z,y) and g(x,y), one obtains the following system:

6z + 4y = 2z,
4o = 2y,
x® +y® =5,
which can be transformed by substitution into
3\y + 4y = N2y,
z = (A/2)y,
v® +y* =5,

The first equation implies that
(A2 =3\ —4)y =0.

Note that y # 0 (otherwise the second equation implies that z =y = 0
which, in view of the third equation, is impossible). Thus A>—~3\—4 = 0
and A=4or A= —1.

If A = 4 then the second equation yields x = 2y and the last equation
of the system becomes 5y? = 5. Thus in this case y = 41, which leads
to the critical points (2,1) and (—2, —1) where f(z,y) attains the value

f(2,1) = f(-2,-1) = 20.

If A = —1 then the second equation yields x = (—y)/2 and the last
equation of the system becomes 5y?/4 = 5. Thus in this case y = 42,
which leads to the critical points (—1,2) and (1,—2) where f(z,y)
attains the value

f(_172) = f(17 _2) = —5.

To summarize, the maximum and minimum values of the function
f(z,y) = 3z% + 4zy, subject to constraint x? + y? = 5, are 20 and —5,
respectively.



