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1. Answer the following questions concerning the vector valued function

r(t):<4t3,7rcos(7rt), L >

t+1

(a) (5 points) Evaluate r'(t).

Solution:

1
I', = <12t2, —7'['2 Sin(?Tt), —m>

(b) (5 points) Evaluate

/02 r(t)dt.

Solution:

2
, sin(7t)

/02r(t)dt:<t4

= (16,0,1n3)

2
, Injt + 1]
0

)
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2. Consider the vector valued function
r(t) = (e',1—2¢",2¢" + 1)

for 0 <t <In(2).
(a) (10 points) Find the arc-length function s(t) of r(t).

Solution: We compute s(t) = [{ ||r'(u)|| du.

I'/(t) — <et’ _2€t7 26t>
[r/(1)]| = Vet + 4e2t + 4e2t = V92t = 3¢t

Hence ¢

[5 3]

1

¢
s(t) = / 3e"du = 3e"
1

(b) (5 points) Find the arc-length parametrization r(s).

Solution: Since s = 3¢’ — 3¢ we have ¢ = In(5£*). Substituting gives

1 2 2
r(s) = <§8 +3e,1— §(S + 3e), g(s + 3e) + 1>

(c) (5 points) Recalling that curvature is x = ||r”(s)]|, find the curvature of the curve

paramerized by r(¢). Explain your answer by identifying the curve.

Solution: Taking derivatives with respect to s,
1 22
/ f— — —_—— —
‘6= (3-33)
r’(s) = (0,0,0)
SO

k= 1(0,0,0) || = 0]

The curve is a line.
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3. Find the limit, if it exists. If the limit does not exist, explain why.

(a) (5 points) ,
lim —~Y9~%Y
()= (0.0) Tt + y?x?

Solution: We simplify before converting to polar:

Loy —ay o wyle—)
(@) —=(0,0) T* + 1222 (2.9)—(0,0) 22(22 + 32)

r? cos @ sinO(rcosf — 1)

= 1m

70 r4 cos? 6
. sinf(rcosf — 1)
= lim 5
r—0 r2cosf

This function still depends on 6, so the limit | does not exist |

(b) (5 points)
lim cos(z) — s?ngy)
(z,y)—(r/4,7/4) cos®(x) — sin®(y)

Solution:

lim = lim

cos(x) — singy)

1

(zy)—(n/4m/4) cos?(x) — sin®(y)  (zy)—(n/4,7/4) cOST + siny

1

- s fT
cos i +sin g V2

1

(c) (5 points) »
lim vy
(z)—=(00) 24 + 22y + y*

T
4
1
Approaching along x = y, the limit reduces to lim Lo
z—0 34 3

Thus the limit ’does not exist‘

0
Solution: Approaching along y = 0, the limit reduces to lim — = 0.

0 x4
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4. Evaluate the partial derivatives, if they exist. If they do not exist, explain why
(a) (5 points) f,(3,6) for f(z,y) = ze¥ % + In(xy).

Solution:
1
— re¥ 64
fla.g) =2e 4 —a
1
—xe¥ 04 =
Yy
1
f,(3,6) =|3¢* + G

(b) (5 points) %yfaz(l, 2,3) for f(x,y,2) =xy +yz+ vz + vy

Solution: The only term with all three variables is the last. The other terms
will become 0 when the appropriate partial derivative is taken. We only need
to concern ourselves with

aS
020y (zyz) =

(c) (5 points) f.(0,3,0) for

fx,y,2) =y + Vayz + 22 + 22

Solution:
Ty + 22

2\/xyz + 12 + 22

Evaluating at (0,3,0) gives 3 hence f.(0,3,0) | does not exist

fz:
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5. Consider the function f(z,y) = zy — 2z + 3>
(a) (5 points) Give the linearization L(z,y) of f(z,y) at (—1,1).

Solution: The linearization centered at (—1,1) is

Some side calculation gives

f(=1,1) =2
folz,y) =y —2 fo(=1,1) = -1
fry)=x+2y  f(-1,1)=1

so the linearization is

L(.T,y) = f(_17 1) + fx(_1> 1)(3j + 1) + fZJ(_lv 1)(y - 1)
=2—(z+1)+@y—-1)

L(z,y) =—x+y

(b) (5 points) Use your result from part (a) to write the equation of the tangent plane
to the graph of f(z,y) at (—1,1).

Solution:
zZ=—x+Yy
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6. Let
flr,y,z) =zy+yz+ozz+1

(a) (5 points) Find the gradient of f.

Solution:
Vi={y+zz+zy+x)

(b) (5 points) Let u = <?3, ¥, ?3> and find the directional derivative Dy f(v/3, v/3, V/3).

Solution:
Duf(V3,V3,V3) = Vf(V3,V3,V3) -u

= (2v3,2V3,2v3) - <\/§§§>

:2@.?.3:@

(c¢) (5 points) Give an example of a vector v for which f is increasing in the direction
of v starting at (—1,1,1).

Solution:

Vi(=1,1,1) =[(2,0,0) =: v
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7. Consider the function
flay2) = +y" +2

(a) (10 points) Use the chain rule to calculate % at the point (p, 8, ¢) = (1,0,7/2) in
spherical coordinates.

Solution:
of _0f0r 0fdy 050
dp O0xdp Oydp 0z 0p
=2z -pcosfcosp+2y-psinfcosp+1-—psing

=0+0+—1=|—1]

(b) (5 points) Confirm your result by expressing f in spherical coordinates and taking
its partial derivative with respect to .

Solution:

f = p*cos?Osin? o + p? sin? Osin® p + pcos @
= p?*sin® p + pcosp
fo= p* - 2sin @ cos p — psin p
fo(1,0,7/2) =1-2sinmw/2cosm/2 —1-sinw/2

=0-1-1=|—1]




