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1. Consider the function
fx,y) = 62° — 6zy + o/

(a) (10 points) Find the critical points of f.

Solution:
Vf = (18z* — 6y, —6x + 2y) = (0,0)

322 —y=0
—3r+y=0

gives the critical points | (0,0), (1, 3)

Solving the system of equations

(b) (10 points) Describe the local behavior of f near the critical points from (a)

Solution: The discriminant is

D = fmfyy - (fxy)2
=362 -2 — (—6)
=36(2z — 1)

So

D) =—36 <0 = (0,0) is a saddle point
D@3 =36 >0 and f;(1,3) =36 >0 = (1,3) is a local min
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2. (15 points) Use Lagrange multipliers to find the critical points of the function

f([L‘,y,Z):QI—Z—f—y

on the ellipsoid
2
2., Y 2
i =1
T4 = +z

Identify the global maximum and minimum values of f on the ellipsoid.

Solution:
vf = <2a ]-7 _1>

1
Vg = <2x, Y 22>

1
2 =2\x T=
1 2
—1=2\z o1
L 2\
Substituting into the constraint and solving for A:
1 = 1 3
— X, - — 42
ety tpe Tl = A5
At A= %,3(%,3},2) — (%7%72_%)4 1:> f =3
At A= R <x7y7 Z) = (_§7_§7 §) — f =-3

Thus the global minimum value of f subject to the constraint is —3, and the global
maximum value of f subject to the constraint is 3.
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3. (15 points) Calculate the integral

///xcos ry) + 322 dV

where B = [0, 7] x [0,1] x [—1,1].

Solution:

1 1 ™
///xcos(xy)+3z2dxdydz
///xcosxy dxdydz—l—///?)z drdydz
-1
= //xcosxy)dydx—i—?m/ 22 dz
-1

2/0ﬂ[81n(xy)} dx+7r[ ]11

2/ sin(z) dz 4 27
0

=2[- COS(QJ)}g + 27
=4+ 2m
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4. (15 points) Let D be the region

r<0, 0<y<2x+2

// 6ry dA
D

Evaluate

Solution:

0 r2a+2 0 —_
/ / 6xy dy da::/ [33:3/2} _, d
-1J0 -1 v=

0

-1
= [3204 + 82° + 6(172] (11

~[1]

= / 1223 + 2422 + 122 dx
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5. Consider the region & of points (z,y, z) satisfying
2 +y?+ 27 <16, y<0, <0

(a) (10 points) Express the triple integral,

[

as an iterated integral using spherical coordinates

Solution:

2 T 4
/ / / p®sin @sin® ¢ dp dep dd
T w/2J0

(b) (5 points) Evaluate the integral (use identities on the formula sheet if needed).

Solution:

2 s 4 4 2 T
/ / /p3sin981n2gbdpd¢d9—/ p?’dp'/ sin@de'/ sin? ¢ do
s w/2J0 0 T w/2
™
4

~ 61 (-2)- T =[5
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6. Let R be the parallelograph with vertices (0,0), (1,1),(2,0) and (3, 1).

(a) (5 points) Give a formula for a linear transformation T'(u,v) = (z(u,v),y(u,v))
which maps the square S = [0, 1] x [0, 1] onto R.

Solution:
T(u,v) = (2u +v,v)

(b) (5 points) Compute the Jacobian of T

Solution:

_Oxz0y Ox0y B
Jac(T)—%% o =21 1-0=[2]

(c) (10 points) Use the change of variables formula to compute the double integral

/ / 4ye” Y dA
R

Solution:
fu+v,v) = dve®" " = 4y

// dye* Y dA = // 4ve* - 2dudv
R S
1
= 8/ ve?* du dv
0

1 1
— / 62udu . / vdov
0 0

SO




