Problem 2. (16 pts) Solve the following initial value problem, using
Laplace transform:

P+4i+52=0, 2(0)=1 i(0)=2.

$’X —s—2+4(sX — 1) +5X = 0;
(s +4s+5)X = s +6;
s+ 6  (s+2)+4
s2+4s+5  (s+2)2+1
x = e *(cos(t) + 4sin(t)).
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Problem 3. (16 pts) Solve the following initial value problem, using
Laplace transform:

P44 +3r=06(t—1), 2(0)=i(0)=0.

$2X +4sX +3X =e 5

e*S

T 2 +4s+3
Since

1 B 1 RYETEE
s2+4s+3  (s+1)(s+3) 2\s+1 s+3
L
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Problem 4. (16 pts) Solve as a convolution integral (do not evaluate
the integral)

i—2i4+z=c", x(0)=x(0)=0.
X —2sX + X = £{"};

E{etQ} _ t 2.

o5 1 e

z = (te') x (') = /0 (t — 7)™ dr.

X =
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Problem 5. (16 pts) Find and classify (as stable, unstable or saddle)
the equilibria of the system

i =z - Ty
y=zv+y+2
The equilibria are given by the system

2 —xy=0
r+y+2=0

which has two solutions: either x =0,y = -2 or x =y = —1.
Linearization at the equilibrium point (0, —2) leads to the system
U = 2u
{ vV=u+v

where u = x,v = y + 2. Since both the trace and the determinant of
the associated matrix

2 0

11

are positive, both poles of the Laplace transform are in the right half-
plane and the equilibrium at (0, —2) is unstable.
Linearization at the equilibrium point (—1, —1) leads to the system

U=—u-+v
vV=u+v
where v = x + 1,v = y + 1. Since the determinant of the associated
matrix
-1 1
1 1

is negative, the poles of the Laplace transform are on the opposite sides
of the imaginary axis and the equilibrium at (—1, —1) is a saddle point.
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Problem 6. (16 pts) As we have seen, the general solution of the
homogeneous Euler equation

Izy"+xy'—y:O

is B
Yy = AZL‘ + )
x
where A and B are arbitrary constants. Use variation of parameters

to solve the initial value problem

2y’ +ay —y=42°, y(1)=y(1)=0.

First, re-write the inhomogeneous equation so that the leading coef-

ficient is 1: .

! 1 /
Y+ -y - Zy =4
x x
Then, since y; = = and yo = 1/z are two independent solutions of
the homogeneous equation, the general solution of the inhomogeneous
equation is of the form

= / A lal:zc—l— E / L xdx
y=7 Wiz, 1/z) =« x ) Wz, 1/z)

Wi(z,1/z) =x(1/z) — (z)'(1/x) = —=2/x.

where

Thus . 5 D
yzx/?mdx——/Qx?’dx:x——l—Cx—i——,
T 2 x
where C' and D are constants. Since y(1) =4/(1) =0,

1 3
§+C+D:§+C—D:0;

C=-1,D=

1-
57
a3 1
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Problem 7. (16 pts) Let

y(x) = yn"
n=0
be the solution of the initial value problem
(@? +4)y" +ay —y=0, y(0)=1, y'(0)=0.
Determine the recurrence relation for the coefficients y,. Find the
coefficients yo, y1, ¥2, y3 and a lower bound for the radius of convergence

of the power series y(z).
Substitute the power series

y = Znynx"_l = Z(n + Dypz", zy = Znynx”,
n=1 n=0 n=0
y' = Zn(n — Dypa™? = Z(n +2)(n + 1)ypi22",
n=2 n=0
ry = Z n(n — 1)y,z"
n=0

into the equation and group the matching powers of x together to
obtain

S (0 = g + 40+ 1)1+ 2)gsz + 10— ) 3" = 0.

n=0

Thus the coefficients vy, satisfy the recurrence relation
dn+1)(n+2)ypro+(n+1)(n—1)y, =0, n=0,1,2,...

or

n—1
n = - ny - 0,1727...
Yn4-2 4(n+2)y n
Since y(0) = 1,4'(0) =0,
1 1
Yo y 1 » Y2 8yo 8’y3 Y1

Finally, since the singular points of the equation in the complex plane
P +4=0&2==42

are at a distance of 2 from the origin, the radius of convergence of the
series is at least 2.



