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at the back.
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space to be used, being careful not to cover the code at the top. Normally
four complete solutions constitutes a passing score.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
space to be used, being careful not to cover the code at the top. Normally
four complete solutions constitutes a passing score.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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four complete solutions constitutes a passing score.

No references are to be used during the exam.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.

7
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).

9
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.

7
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).

9
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.

7
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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at the back.

All pages must be submitted. If there is work to be ignored, either cross it
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space to be used, being careful not to cover the code at the top. Normally
four complete solutions constitutes a passing score.

No references are to be used during the exam.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
space to be used, being careful not to cover the code at the top. Normally
four complete solutions constitutes a passing score.

No references are to be used during the exam.

1

C63D35F1-FD88-4936-8B5E-B07C4F15A2DD

applied-math-qe-i-august-2016

#11      1 of 18



2

13F1B965-C175-4ED3-AE5B-D2001CD099CA

Applied Math QE I August 2016

#11      2 of 18



1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
space to be used, being careful not to cover the code at the top. Normally
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).

9
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.

11

7507821D-A9AE-42A2-BE8A-50A0D2782ED1

Applied Math QE I August 2016

#12      11 of 18



12

D8B695C7-1B8E-485C-8551-91FD0DD90B74

Applied Math QE I August 2016

#12      12 of 18



6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
space to be used, being careful not to cover the code at the top. Normally
four complete solutions constitutes a passing score.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.

7
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
space to be used, being careful not to cover the code at the top. Normally
four complete solutions constitutes a passing score.

No references are to be used during the exam.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).

9
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
space to be used, being careful not to cover the code at the top. Normally
four complete solutions constitutes a passing score.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.

11

D907C697-2B2C-4308-848B-F93CDA1E9D2B

Applied Math QE I August 2016

#18      11 of 18



12

2C85F179-3CC1-4119-B302-02E6BCBC96E0

Applied Math QE I August 2016

#18      12 of 18



6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.

13

B7A4887E-1874-4F20-BE56-0835BD917DDC

Applied Math QE I August 2016

#18      13 of 18



14

1C5F2710-A6DF-4E4D-9449-0BD0977C7EB0

Applied Math QE I August 2016

#18      14 of 18



15

7759B9DB-6840-44E0-96EB-69D6043AA637

Applied Math QE I August 2016

#18      15 of 18



16

3FAFAAD0-5E05-4C2A-85C2-F2E205C168C6

Applied Math QE I August 2016

#18      16 of 18



17

5A210ACE-39F0-4408-9473-EB731503E574

Applied Math QE I August 2016

#18      17 of 18



18

2061285F-3224-48B0-BC9A-12F853D547F0

Applied Math QE I August 2016

#18      18 of 18



Applied Math Qualifying Exam, August 2016

2016-08-20

Last name . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

First name . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

KSU Email . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.

All pages must be submitted. If there is work to be ignored, either cross it
out (or otherwise indicate its status) or tape a clean sheet over it to allow the
space to be used, being careful not to cover the code at the top. Normally
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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Instructions: Use the space below the statement of a problem as well as
the next page for the solution. If more space is needed, use the blank pages
at the back.
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1. (10 pts)

The standard five-point stencil approximation of the Laplacian on a
square grid using row-by-row ordering takes the block form

L =
1

h2



T I

I T I
. . . . . . . . .

I T I

I T


,

where h is the space between grid points, I is the identity matrix, and
T is the matrix

T =



−4 1

1 −4 1
. . . . . . . . .

1 −4 1

1 −4


.

(a) Show that L is negative semidefinite.

(b) Prove that there exists a constant c > 0 (independent of h) such
that every eigenvalue λ of L satisfies |λ| ≤ c/h2.
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2. (10 pts)

Let A be the product

A =

1 2

0 1

1 −2


[

1 0

0 3

][
1 1

−1 1

]
.

(a) Find the four spaces R(A), N(A), R(AT ), N(AT ) (the range and
nullspace of A and AT ).

(b) Find the singular values of A.
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3. (10 pts)

Let A be a full-rank m× n real matrix with m ≥ n.

(a) Show that the system[
I A

AT 0

][
r

x

]
=

[
b

0

]

has a unique solution (rT , xT )T .

(b) Show that the x from (a) minimizes ‖Ax− b‖2.
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4. (10 pts)

(a) State the definition of complete orthonormal set in a Hilbert space.

(b) Provide an example of a complete orthonormal set in
L2((0, 1)× (0, 1)).

9
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5. (10 pts)

Show that the sequence of functions {fn}n∈N, where

fn(x) =
n

2
e−n|x|, x ∈ R,

is a (Dirac) delta sequence.
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6. (10 pts)

Let K : L2(0, 1)→ L2(0, 1) be the following operator:

Ku(x) =

∫ 1

0

u(y) dy.

(a) Show that K is a self-adjoint compact operator. Provide direct
proofs based on the definitions of self-adjointness and compactness of
an operator.

Consider the integral equation

u(x)− λ
∫ 1

0

u(y) dy = f(x),

where λ is a real number.

(b) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1)
for the existence of solutions for this equation.

(c) Derive necessary and sufficient conditions on λ and f ∈ L2(0, 1) for
the uniqueness of solutions for this equation.
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