
1. (10 pts)

(a) Let A be an n× n real matrix and || · ||1 denote the norm on R
n

given by ||x||1 =
∑n

i=1 |xi| for any vector x ∈ R
n. Prove that the

matrix operator norm

||A||1 = max
x �=0,x∈Rn

||Ax||1
||x||1

is given by

||A||1 = max
j=1,...,n

n∑
i=1

|Aij|.

(b) Let || · ||2 denote the Euclidean norm on R
n given by ||x||2 =

(
∑n

i=1 |xi|2)1/2. For the matrix

A =

(
0 −2
3 0

)

compute the corresponding matrix operator norm ||A||2.
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2. (10 pts)

Let A and B be n×n real matrices, A be non-singular, and satisfy the
inequality

||A−1||2||B||2 ≤ q < 1,

where || · ||2 is the matrix norm subordinate to the Euclidean 2-norm
in R

n.

(a) Show that the matrix C = A+B is non-singular.

(b) Show that the iteration process Axj+1 = b − Bxj, j = 0, 1, 2, . . .
converges for any initial value x0 to the solution of the system
Cx = b. Give an estimate for the Euclidean norm of the error
||xj − x||2 in terms of q, where x is the true solution of the sys-
tem and xj is the jth approximation obtained from the iterative
process.

7201CE83-2B78-45D2-8220-FEA928DC6D7D

applied-math-qe-i

#2      5 of 16



6D00E74A-A024-47B5-A48A-1E0FA301E73F

applied-math-qe-i

#2      6 of 16



3. (10 pts)

Use Householder reflections to find the QR-factorization of the matrix

A =

⎛
⎜⎜⎝

1 1 1

2 0 −1
2 1 0

⎞
⎟⎟⎠ .

Check your answer by using matrix multiplication.
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4. (10 pts)

Use the matrix exponential method to solve the following system of
first order differential equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx1
dt

= x1 + x3

dx2
dt

= x2 + x3

dx3
dt

= x2 + x3

with initial conditions x1(0) = 2, x2(0) = 2, x3(0) = 0.
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5. (10 pts)

Consider the Hilbert space H = L2(0, 2π) with the standard inner

product 〈f, g〉 = ∫ 2π

0 f(x)g(x) dx.

Show that the orthogonal set {sin (nx)}∞n=1 is not a complete set in H.
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6. (10 pts)

(a) Find the resolvent for the integral equation

u(x)− 6

∫ 1

0

xy u(y) dy = f(x), x ∈ [0, 1].

(b) Use Part (a) to solve the equation when f(x) = x2.

4F721425-62D9-435A-979F-527540ED53C4

applied-math-qe-i

#2      13 of 16



829251E0-4F9A-4DB6-A8CC-017A8CC4CBE8

applied-math-qe-i

#2      14 of 16



D213DEFE-7E38-48E3-BEE8-49ABB34C83A4

applied-math-qe-i

#2      15 of 16



75580E3C-9078-49CF-AC4C-EE42C983806B

applied-math-qe-i

#2      16 of 16


