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1. Consider the finite topological space X = {a, b, c, d} with topology

{∅, {a}, {a, b}, {a, b, c}, X}.

Which of the following topological properties does this space exhibit:
compactness, connectedness, path connectedness, separability, con-
tractibility, Hausdorffness, metrizability?
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2. a) Let (X, d) be a metric space. Show that if A ⊆ X is a compact
subset, then it is a closed subset.

b) Give two definitions of connectivity for topological spaces: one
using subsets, and one using maps to the discrete space {0, 1}.
Show that both definitions are equivalent.

c) Give an example of a compact and connected space that is not
path-connected.
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3. For each n ≥ 1, let Sn = {(x0, . . . , xn) ∈ Rn+1 |x20 + . . . + x2n = 1} be
the n-th dimensional sphere, and let bn,0 = (1, 0, . . . , 0) ∈ Sn. Let

Y := (
n∐

i=1

Si)/(bj,0 ∼ bk,0) = S1 ∨ S2 ∨ . . . ∨ Sn.

a) Find the fundamental group π1(Y, ∗) where ∗ is an arbitrary base
point.

b) Find the homology groups of Y .
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4. Let S1 = {z ∈ C | ‖ z ‖= 1}. Given n,m ∈ Z, let ϕn : S1 → S1 be the
map defined by z 7→ zn, and let ϕm : S1 → S1 be the map defined by
z 7→ zm. Finally, let

X = S1
∐
{D2

1, D
2
2}/{z ∼ ϕn(z), y ∼ ϕm(y) | z ∈ S1 = ∂D2

1, y ∈ S1 = ∂D2
2}.

Compute the homology groups of X.
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5. Let T = S1 × S1, the 2-dimensional torus, seen as

T = {(z1, z2) ∈ C× C | ‖zi‖ = 1 i = 1, 2}.

Let X = T × T/((z, 0) ∼ (0, z)), with the obvious topology. Briefly
justify that X is path-connected, and compute its fundamental group.
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6. Let (X, TX) and (Y, TY ) be topological spaces. Let (X̃, TX̃) and (Ỹ , TỸ )

be covering spaces of X and Y respectively. Show that X̃ × Ỹ is a
covering space of X × Y (with the corresponding product topologies,
of course).
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