Math 222 Exam 2—Solutions, Page 1 of 7

2023 Summer

1. (20 points) Find the unit tangent vector, the principal unit normal vector, the binormal

vector, and curvature for

r(t) <\/§t, e, e_t> :

Solution: Relevant formulas on cover page:

Tt = S0 N = B(t) = T(t) x N(t), &=

IT'OI _ v x x|

Tangent vector

r = <\/§, et,—e’t>

||| =vV2+eX+e 2= /(e+et)2=¢+e
T(t> B r’ B \/§ et _e—t
- || T\ et et et Lot et 4 et

Normal vector Doing quotient rule three times gives

/ o _\/ﬁ(et _ eit) 2 2
T'(t) = < (et +et)2 (et +e )2 (et + e_t)2>

HT,”:\/2(et—e—t)2+8:\/5\/(62t—2+e—2t)+4 /3

(et 4 et)* (et 4+ e~t)4 -

T < ot ot V2 V2 >

N(t) = =[{ -
(t) T et et et 4 et et 4ot

ol

3
|||

(el +e )2 V2

(et 4+ e~t)4 ettet
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Binormal vector

B=TxN

Curvature

r

/
r

!/
r’ =
r xr’' =

[

| =vETeF sz

[ V2 1 [ et — e t] [ V2 ]
ot £ et et +et et + et
_ el « V2 | 2 =)
ot £ et ot 4 et (ef + e 1)
—et V2 2+el(el —e)
et +et | ettet | | (eh+et)
\/§ 1+ 2t 1+ e2t

<\/§t, e, e_t>
(i)
<O, e, 6_t>

1—(=1) 2
—(V2et=0)| = | —V2e?
Vet Vet

VA 4 2672t + 22t = \/2V/2 + 72t + 2t = \/E(@t +e )

(et +et)2=¢" +e*

—t

SO
x| V2t et V2
)P (et | (ef Fet)?
Alternatively,
ol e 1 [
@) et tet ettet |(ef+et)?
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2. (10 points) Let f(z,y) = In(zy) — 1, y(u,v) = v* + v?, and z(u,v) = uv.

r— U

AN
Yy — v
o1 _of o of oy

au_%8u+8_y8u

:i~v+£-2u
Ty ryY
v 2u

z Y

. Of f
Find 0 and e
Solution:

2u

1
uw o u?+ 02

0f _0f 0z 0f 0y
v Oxr dv Oy Ov
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3. (10 points) Calculate the following:

(a) nm<€tt_1 3 sin(2t)>

t—0 b5 — 2’

Solution:

(b) The equation of the tangent plane to f(z,y) = 22* + zy — 6y at point (3, —1).

Solution: Computing gives

f(3,-1)=18-3-6=9

fe(x,y) =4x 4y
fo3,—-1)=12—-1=11

fy(z,y) =2 — 12y
f,(3,-1)=3+12=15

SO

2=9+11(z—3)+15(y + 1)
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4. (20 points) Find all the first partial derivatives and second partial derivatives of

f(@,y) = Va2 +y+ 3

Solution:

ﬁ—Q :£+y+3

fy = 9

. xl+y1—x-%EZ;:wh3+ _Véﬁ_;ﬁ+y—x2_ T

- 7y e (R
Joy =1 —5( —§@5§E;ﬁ

T LR A
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5. (15 points) Let

(a)

flx,y,2) = ze? + ye* + ze”.
(5 points) Find the gradient of f.

Solution:
Vf={(e+ze" ze¥+ €% ye* +e")

(10 points) Find D, f(—1,2,0) in the direction of v = (-1, -1, —1).

Solution:
v 1
u=—

TR A

Duf(—1,2,0) =Vf(=1,2,0) - u
= <62 +0e !, —e? 4 €, 2e° + e_1> ‘u
= <62,—€2 +1,2 —|—e‘1> -u
1

=7 (== (= +1)—(2+e7"))
1 -1
=13 (=3—¢)

~ —1.94445
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6. (15 points) Calculate the limit if it exists. If the limit does not exist, explain why not.
(a) (5 points)
) 5 — Ty
lim ———
(@y)—1-1) T +y+1

Solution: Can just plug in:

(zy)—1,-)r+y+1 1—-1+1

(b) (10 points)
zy!

lim — 2
(@,y)—(0,0) 22 + y®

Solution: Approaching along the z-axis (y = 0), the limit simplifies to

lim =
x—0 ,jC2 —+ 0
Approaching along = = y*, the limit simplifies to
. y® 1
lim ——— = -
y—=0y8 + 98 2

Since approaching along two different paths gave two different results, the limit
\does not exist\

T \3

(Hint: What is (¢2 + 1)27)

7. (10 points) Consider r(t) = <1t3, \/75152,25>. Find the arc length function s(t) for r(t).

Solution:
r = <t2,\/§t,1>
]| = VT + 2+ 1= VP + 1) =12+ 1
S0
t + u3 t t3
0= [l au= [0+ nau=5 +af =5+
0 0 3 . 3




