Exam 3 soln

Friday, July 14, 2023 2:44 AM
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NAME go l n

Signature

Rec. Instructor:

Rec. Time

CALCULUS IIT - EXAM 3

Show all work for full credit. No books or notes are permitted.

Problem Points Possible
1 15
2 20
3 10
4 20
5 20
6 15
Total Score 100

Note: Bold letters, like u, are considered vectors unless specified otherwise.

You are free to use the following formulas on any of the problems.

Cylindrical Coordinates:

x = rcos(f)

y = rsin(f)
z2=2z
dV = rdrdfdz

Spherical Coordinates:
x = pcos(f) sin(p)
y = psin(6) sin(y)
2 = peos(y)
dV = p*sin(¢)dpdfde
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Second Derivative Test: Let z = f(z,y) be a function of two variables for which the first-
and second-order partial derivatives are continuous on some disk containing the point (zg, yo).
Suppose fz(zo,yo) = 0 and f,(xo,y0) = 0. Define the quantity

D = fou(0,40) fyu (%0, %0) = (fay (20, Y0))?

i. If D >0 and fu.(z0,y0) > 0, then f has a local minimum at (zo, yo).
ii. If D> 0 and f..(x0,y0) < 0, then f has a local maximum at (xg, yo)-
iii. If D < 0, then f has a saddle point at (zg, yo).

iv. If D =0, then the test is inconclusive.

Change of Variables: We have 7': S — R and T'(u,v) = (g(u,v), h(u,v)).

Jd(x,
Jac(T) = E)Eu ?; and

//Sf(x.,y)dxdy://Sf(g(uw),h(u,v))|JaC(T)|dudv‘

2023 Summer (Calc 3) Page 3



1. (15 points) Find and classify all the critical points of
f(z,y) =22 — 6y + y*.

4
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€x =
VE<< 63 -6y -6x +1y7 =0

= 2 bt ~6y = 6 (x*-y) =0
-6x+27 = Z(-3x47):0

N
X* o3 D K Ax = XOTHES
X=©0 ‘7,90 Cvit 'ﬂ“;“l’S L (0/0)/(3/7)

v=3 = ch

1
fo = 12x | D= Fxfyy-x
_2 =24 x ~3%6
= )2(2x-3)

D(0,0) = -36<0 =2 |(C9) sa..la((..

D(? §)=320, fx(39) =3¢ 70

2
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2. (20 points) Use Lagrange Multipliers to find the maximum and minimum
of the following function
flz,y,2) =2 —2y + 2z
subject to the constraint
2

%+y2+z2:12.

Jf =)\V5

<1, -129=NM% 2v,2%)

Fl=2x = *7%

LN ys-t
-2“"2)\‘{ = Y~ n
A

{2122xz2 =2 rz =x

2
-)—Yz-)- 2 =L

-C\x,v

\

() gt 237"
G = 2" =

=/

:’—73’cf 2
C ri+ poak:
2L (qf-z/z) — £(%,-L2) = 43U =1L & mox
2=-2: (—q/z, ~2.) — F(-q,z/.z) s -4 -4- = -1l & mn
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3. (10 points) Calculate the integral

/ / zeVdA
B

on B =[1,2] x [0, 3].

3 3 1

SS 7‘610(7\.0?{ ‘*’Sevaly- S\Lo&

(] o l
1 1
ol o]

- e]o 2
e7-1) 7 (40

=[2(c’-1)

2
|
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4. Let E be the region bounded below by 222 + 2y?> = z and above by the

plane z = 8. Consider
/ / / 2+ V.
E

a) (8 points) If you were evaluating the given integral over E, would you
integrate in Cartesian, Polar, Cylindrical, or Spherical Coordinates?
Explain why you choose the coordinate system you did, and express the
bounds for the region F in that system.

7
radol "I‘Mk’] | Flot hop ~> vs CYI I
bc Lo vl N
re&cel]
Z6Ltr, §]

b) (12 points) Evaluate

[ [ [+
1M1 §
SS S Vz'r o‘&o(roeé

09,4

1 § A

WSS r’dade
1rt

o

2 _ L ‘J
=2 s (§-17)dr ’7-"[U 37
° =g3-2r' sam[32- “]

3 Y
c6NM-31 = M
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5. Let E be the region given by y > 0 and z > 0, and 2% + ¢ + 2? < 9..

a) (8 points) If you were integrating over E, would you integrate the region
in Cartesian, Polar, Cylindrical, or Spherical Coordinates? Explain why
you choose the coordinate system you did, and express the bounds for
the region E in that system.

sflw.'wl. r8ion is ufpr /\m,;,ib\,e, 3

Oefgrm] 2 Z x

b) (12 points) Use 1nt0grat10n to find the volume of E.

vz 33514\‘ Szﬂ 54. 7 sin dp dpd 6

<r

} "&’ tdg

Il

[——] C‘“‘(] cm}«.w/,ws]

2w- 4. -(0Y

1}

=\
)

»i-

i\

l§

N wl-f-vx

=
)
\

0
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6. Answer the following short answer questions.
a) (5 points) A continuous function f(z,y) will have absolute extrema on
a set D if D satisfies two conditions. What are those conditions?

ClcaepQ & b onded

b) (5 points) If the average value of f(z,y) is 5, and // f(z,y)dA = 30,
D

what is the area of a region D?

(1}

-( = ,S_SF/”QA =>ar0‘=,_.z_5€- 6

EENTPT.

c) (5 points) Find the Jacobian of the transformation x(u,v) = u* + v,

y(u,v) = u+”.

i x“ XV ln |
Yo v |10 W™ 4uv -
v
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