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CALCULUS III - PRACTICE TEST FINAL

Show all work for full credit. No books or notes are permitted.

Problem Points Possible | Problem Points Possible
1 7
2 8
3 9
4 10
5 11
6 EC
Total Score

Note: Bold letters, like u, are considered vectors unless specified otherwise.

You are free to use the following formulas on any of the problems.

Cylindrical Coordinates:

x =rcos(f)

y = rsin(f)
2=z

dV = rdrdfdz

Spherical Coordinates:

x = pcos(f) sin(y)

y = psin(f) sin(p

z = peos(p)

dV = p*sin(¢)dpdfde
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p=Vat+yt+2?

tan (0) =

cos(p) =

D luy |




Second Derivative Test: Let z = f(x,y) be a function of two variables for which the first-
and second-order partial derivatives are continuous on some disk containing the point (xo,yo).
Suppose f;(zo,70) = 0 and f,(x0,yo) = 0. Define the quantity

D = fue(20,%0) fuu (%0, Y0) — (fuy (0, 90))

i. If D> 0and fu.(29,y0) > 0, then f has a local minimum at (z, yo).
iil. If D >0 and f..(xo,90) < 0, then f has a local maximum at (zg, yo).
ili. If D <0, then f has a saddle point at (g, yo).
iv. If D =0, then the test is inconclusive

Trig Identities: cos®(x) = +  cos(2z) sin?(z) =

Line Integrals:

b

is= [ el
b

/CF cdr = A F(r(t)) - r'(t)dt

Surface Integrals:

/ /Sfds -/ /R ()|t x t,) dud
//SF-dS://RF(r(MU))'(tuXtu)dudv
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1. For this problem we refer to the following diagram, which is drawn
to scale:

D S:-\

E C
Na
SN\ .
The vectors A, B, C, D, E, F, and G all have length three.

All of the angles between the vectors are multiples of 30 degrees.
Compute the following explicitly:
a) A-E

b; EJBEFH a) A-E ="A"'”E|l;ose
C . _ T
d) D -G = Qe 7 =
e)A-A

b) I\ BxEl =Bl UFN si, 6
= Qsn i = \@

c) CEz|cliEl cor®

-G =Qcc3'§:

e 3) lp-ch <[]

o) ah=lAl" =[q]
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2. Use Lagrange Multipliers to find the maximum and minimum of
the following function

flz,y,2) = 2® + 32
subject to the constraint

o+ 9%+ 42° = 36. 9= xzﬂti—‘lii';e

{vcdva

9'7
5 §<2¥,01C§) N(Tx, 17)3%)

5:0
Efl-. N0 e Y=o

> 2’( =ZX$
0= l)“l I£ N=o,
(i = x)‘z uns L3 =) %=0 &=

%
2 Hh2"=3C Cabaick > 223

= ys 6
(0 26 o)
——

If Y:O] {,6’% 'l'jﬁo J‘ EQn‘ = %20 or Mzl

Y A U 2x( -\ =0
c:=$)% ’){22(3':’)‘)”
< 14zr=36 x Mz <36

IE w50, cobrant » da=80 22223 =2 (00 L3)
IFN, 2 D (2262 )2=¢
comshranl D x*:3( D x:$€ D (2660)

—_—
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3. Let E be the region given by [0, 1]
triple integral

Z page 3 of 14

x [0,2] x [0,3]. Compute the

///z-‘rwe'”’dV.
E

[
C —\ -

2 ( 3
§§ 2 dudyota +S
§

1
g xe'' dyo(xo(z
0

; \ 2
) Xy
- .3_J +3 e] d
P TR 1A
- 9 +3S(Gu-\)¢&¥
- tx '
= q r 3 -
¢ ),
[ 3
= (9 *3[%-!-(%)]
a 361 2
94y =T ‘%*;g‘
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4. C‘1l7 ate the following line integrals: S h
) [ fds where f(z,y,z) = 3x — yz and C' is the line between f J; z S ‘F(;(é)) >
th( points (1, 3,0) and (2,5, 4). ¢ Q ”V' (el'jh
g, Fs < g[; (ve)-G o0l 2y te TWK 4L 3418, 46D tep 1

r‘ =<'/ zl">

= {m Ss e -5 &) e Url =y Tr g < 421"
13
-F[c&-,é-”e] ﬁr"'c’

b) / F-dr where F(z,y) = (6y,2) and C is the piece of the graph
y(: 22 between z = 0 and = 3.
F’(er {¢,£Y tecos]
3 r ‘(6) 3¢ 1, 26y
a3 > 2
SLF-JF)=S F(rie)- ¥ Jg
4
3
= S (“‘-1/ 2)-( \Jzt) Ak

[4

. ’3 (ge + 4) Jk
- +2&1

= 654 +1§ =72
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5. Calculate / F-dr where F(z,y) = (y* — 4y +5)i+ 22y — 4z +9)j
c
v _

on the upper half of the ellipse %+ﬁ = 1, oriented clockwise. State
any theorems used. S, _ C
Sl
) =4 3t S5
r(g=g et orisded ccw b
-3 3
4 .
F) =(-3c¢¢/ Ssubd 0T Q2
olsked (Cw.
GM_} Hun
b Fdr = 5ax-p)dA @y = 2y -4
< 0 ¢
Py = 2y-
F=d Ry v
-
c ol 0 b
-
3 ko) =Ct oy $:3973

§ Fd

2 3 3,
M = Sl""afkl)-r, @dt 1. 0d

\
Ll
"

j -

= (5L dE [ ¢ Gy
=z 0-(-30)

; )
= { sdbe-5-6 =30 § =30
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6. Let E be the region such that /22 +1y? < z < 3 and z, > 0.

Consider
///uW —W*

a) If you were evaluating the glvon 111togml over F, would you
integrate in Cartesian, Polar, Cylindrical, or Spherical Coordi-
nates? Explain why you choose the coordinate system you did,
and express the bounds for the region F in that system.

Cyl. <me wf £l 4oy by

o

—
1
~
s
)
™/
-

\
-t\'\
)

° Y ]
\
~N
ﬂ
'
-
\
s\
—r
)
©
N\.x
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7. Calculate the line integral

(€]
?{(Gy + 2?)dx + (1 — 2xy)dy
o

where C'is the boundary of the upper half of the unit circle (this
includes the z-axis), oriented counterclockwise. State any theorems
us( d. \

{2y -ddla ob.

S T (g uh
D
Sg(rs.'..e &3);- J,.Je

-1

-
A3

= .4 _aT
¥-1

]
l
N—
N("
I
N
-+
«
\
r !
. .
X

even

- =1 lg(l—-x")o!y +-CS1’\-\: ¥

39\
- - X 1
= ‘1[ ;]o -6 o%T.‘

-4 _
3 L ¢

[}
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8. Evaluate the integral

[ [azs

where S is the portion of the sphere of radius 1 where z < 0, y > 0,
2z <0. z

= |
b 41 /)

u: (,ec W Y N
veery, ] >

- ’ » ’

V‘(\CJ v) =< coy usmv, Sin u {mvl ces v) vy, x
2 ) ,
*Lu:yu ¢ -Swmu g:sVJ Cel U ¢y, °>
Y B .
tv_._;’.v:<¢.-,,umv, Sm“mv‘ -s.-\v>

2 .

-9 - ’ L . 1 . - : 2 .
by *by =K-5m VB4 =Gin VSinury Sim u““v“”v_‘“u‘"v“sv)

1 , 1 , .
= <—$:n VR ~Gia VSiar, ~ Smv(el v>
9 R 1 . 4 o1 1 2 '
] 'Lu*?\l “ f'fﬂmqv ces W+ Sm VSia "’S‘a vCey v

= P | .3 * '
Simw v ¥in Veas v

=ty velf ] \/\:'\/‘
= giav Sin v 20 "
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{S'C 15 = SS ‘f(':)('l,\l)) “zu"‘; I\ ol Av
§

SS xzdS =$

Ces SowV cop ¥ 'S;hv J“ JV

(IR g

. =<
z 2
S“’“dv *55..vccsvolv
)1 T
3 z
T w
. [ |
< $m¢]l\. . [3Sm I/].‘r
k4 -
2

0-)-2(0-)

1
3
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o

- 2
//curlF -dS = g F 'dY
5 c

where F(z,y, z) = zzi+ yzj + xzk and S is the part of the sphere
22 4+ % + 22 = 9 that lies in the cylinder 22 + 32 = 1 and above
the zy-plane. State any theorems used. 2

1+2%29 gz £ 242 3
= Wt :

9. Compute the integral

:(t) =< ¢es 4, si.d'., l‘ﬁ:> te[gn\'] .3
2

§ Fode <f Feien Ve st
(&
6

2T
S {2di e s, Pt s;&/ 1¥acest) Cosub, ot 0) dt

(]
1Y

T fode o
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10. For the following, determine if the vector field is conservative or
not. If it is, find a potential function.

a) F(z,y,2) = (35’27, 20222, a%y22%).
LY P d R LI
Qy =%r 2 Ry = z"yi

l’y=Zy'Z$ sz: %Y;a

Kx‘f"’g 2 F'? nk C“‘SM“

b) F(z,y) = (62 — 2zy* + # —2x%y + 4 + /).

4 G

i
?y:-“)“’ *2-‘;-

Cl ""1)&\/"._‘.’
* e

Comwrh—'-

e= (e = 2x xR ey R e Cy) 3[Ry

vy i

€: SQo‘Yz - ,J‘Y‘ +qy + y-f; 42_'()()

c- z*‘-x"; rly +ydx 4C
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11. Answer the following short answer questions.
a) Suppose that Vf(1,1) =0, and f,,(1,1) and f,,(1, 1) are both
positive. Do you need to know any more information to deter-
mine if (1,1) is a local minimum?

S pLLdY, £ >0

D: (¥)‘ (\{y-‘ ‘;

N«A that D(l/') 0

b) Suppose that Vg(0,0) = 0, and and the discriminant D of g is
0 at (0,0). What does the Second Derivative Test tell us about
how g behaves at (0,0)?

D=0 = Seced Doriolie Tesk |1y con cluin

c) If I set up an integral that looks like:

z pr=1 py+3
/ / / f(x,y,z)dzdzdy
0o J2 Jo

what is the problem with my integral set up?

2';0\"3‘\ Ms ony

y-:,\'""\ Ws Mm 2z &~ NQ(LI:? I’W"’h’l b“ﬂ{
ey clic W“a/ not all gued
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d) Find the Jacobian of the transformation x(p, 8, p) = p cos(6) sin(yp),
y(p,6,9) = psin(8) sin(), and 2(p, 6, ) = peos(i).

S| X Yo e N
Yo Yo y’(’ =Iﬂ Sin ?
%f 2o zte

e) Find the equation of the tangent plane to f(z,y) = ycos(z) +
sin(xy) at point (} 2)A

2= §(ab) + £, (a)) (y-a) 4 -fy ("ab)(y—b)
-F(m)=ycosx s (ry) €T 2)=2 47_7; NAES
1+ .
£, = Y Siax Hycesly) 6 (T,2)= -2 4} +1.y/—f_:
<-1

cos X+ % cos(xy) 'FT(;JZ)z A, T, 79,0

£ =

Zs-yq-)—l +("G)(x":‘\
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f) If f is a function of z, y, z, and z, y, and z are each functions

. of of
of u, v and w, use the chain rule to express = and ——

ou ow’
g _ 96 » 2 N U % 6:?%3
‘—"gaa‘ Ju oy du 22 Iu \l’_w

€ _9f b*lf.,gi;gf.?_g

T

<

- a— O m—

a—;"-ax ow ¥ dw 92 Iw

g) Compute the divergence and curl of

div P oe|2wy + ¥z + ~1x'g

2

F = (2%, zyz, —222?).

-~ _ [l J le
corl F =] 3, dy 9

5 2
=<-XY’—(‘-1’L‘3 )/ yt-):>
1 1}
Xy wi -x 2 ’<"“h 1*21-' y2 ‘x‘t)

h) Calculate the limit if it exists. If the limit does not exist, explain

why not.
2
lim L
(2.9)—(0,0) 22 + 3y*
Al b x=y’ v .
onj pe xzy, “m T"T\ = ‘-T'
y-0 Y
- C ) ’ ’9—- -
Alq‘) X=-a¥s -y =°, l.m X‘*o =0
X0

Liek DNE, s J”M f\l\s gaw
A K ash aliss.
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EC. Use the Divergence Theorem to evaluate / / F - dS where
s

F(z,y,2) = (2%, y + 2, zy)
and S is the sphere of radius 3 with z < 0 and y < 0. Note that

all three surfaces of this solid are included in S.

B7 p:v%w LLLY _,/- -3
<
ng s = (5 o PV / Y

S E £ 3
c 1 3

- , 1;.'(0( 0{ Ja P(-.LO‘?J
S%(“"”e"““)’” e geL-T,0]
130 <

J;\IF=ZY ¥\

1 3
2 S ;JP Sw tde- S""e‘w + g(”uf'fsfa‘u
o % 1_'1 ) ° %
=0
: be [£] feel
< -x. 9 (-0 ’
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