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1 Descriptions of a line

Q=¥2)

v (a,-B;€

P = (Xo, Yo, Z0)

Let the line L contain two points, P(zg, Yo, 20) which is fixed, and Q(x,y, z) which varies
along L. Let v = (a,b,c) capture the direction that the line L extends, which we call

the direction vector. It has the same direction as P@

Vector equation of a line

<$7y7 Z) = <$07y07 ZO) +1 <CL, b’ C> (t € R)

Parametric equations of a line

T =2x9+ta
Yy =yo +tb (t eR)
z=z9+tc
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Symmetric equations of a line

T—To Y—Yo 22— %0
a b c

Remark. Isolating at the components of the vector form gives the parametric form.
Solving each of those equations for ¢ and setting them all equal gives the symmetric
form.

1.1 Descriptions of a line segment

Let P(z0,Y0,20), Q(z1,y1,21) be the endpoints of a line segment. Let p = (z0, Yo, 20)
and q = (x1,y1,21) be their associated position vectors.

Vector equation of a line segment <>(/ \// 27 = Q - E) <>so/}")L‘>
r=(1-tp+tq, (0<t<1) ey, ey
Parametric equations for a line segment % = Cl-t) X, 4+ ¥ |
r=x0+t(x1 —x0) = X, +t(Xl—Xo)
y=1yo+1t(y1 — o) (0<t<1)

z=2z0+1t(z1 — 20)

Example (Similar to Exercise 2.244). Let L be ih)e line passing through points
P(-3,5,9) and Q(4,~7,2). Y =¢Y,-7,22 -¢-1,5,9D
a) Find th t ti f line L. = -
(a) Find the vector equation of line < 7/ —1 Z/ - >
Answer. r = (—3,5,9) +t(7,-12,-7), teR

(b) Find parametric equations of line L.

Answer. t = -3+ Tt, y=5—-12t, 2=9—-7t, tER

(¢) Find symmetric equations of line L.
r+3 y—-5_ z-9

A c
nswer =D —

(d) Find parametric equations of the line segment determined by P and Q.
Answer. x = —3+Tt, y=5—12t, 2=9—-7T¢t, t€|0,1]
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2 Distance between a point and a line

Proposition. Let L be a line with direction vector v and let M be a point not on L.
The distance from M to L can be computed by the formula

where P is any point on the line L.

Proof. The area of the parallelogram (in red) can be expressed in two ways, which must

be equal:

Area = ||PM x v|| = |[v||d

d=

—
|PAxv| @1,-3) x (2,1,-2) |

(1, =2,0) |

I\

3

C —Z+3/ "K""’)"’G)/ g%

<

_l/ 07

3

Example (Similar to Exercise 2.253). Find the distance between point A(2,1, —
and the line of symmetric equations z = 2y = —z.

V5

3

Solution. The point P = (0,0,0) is clearly on the line. The line defined by the
symmetric equations has direction vector v = (2,1, —2). A is not on the line. Thus
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3 Descriptions of a plane

Figure 2.69 Given a point P and vector n, the set of all

points () with P_Q orthogonal to m forms a plane.

A plane with normal vector n = (a,b,c) and passing through a point P = (xg, Yo, 20)
can be expressed in the following ways: Q<
L xyz)

Vector equation of a plane:

n-]%:()
da h 2 L x =%, \/'Vu/ -2.7 -

Scalar equation of a plane:
a(z — o) +b(y — yo) + (2 — 20) =0
General form of the equation of a plane
ax +by+cz+d=0

where d = —axg — byy — czp.

Remark. Expanding the dot product in the vector equation form gives the scalar equa-
tion form. Distributing that gives the general form.

Example (Similar to Exercise 2.268). Let P = (1,2,3) and n = (4,5,6).
(a) Find the scalar equation of the plane that passes through P and has normal
vector n.
Answer. 4(z —1)+5(y—2)+6(2—3) =0
(b) Find the general form of the equation of the plane that passes through P and
has normal vector n.

Answer. 4dx +5y+62—32=0
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4 Distance between a plane and a point

Figure 2.70 'We want to find the shortest distance from point
P to the plane. Let point R be the point in the plane such that,

— —
for any other point in the plane @, || RP || < || QP || .

Suppose a plane with normal vector n passes through a point ). The distance d from
the plane to a point P not in the plane is given by
@P x|

a= |[prosa Q| = [comp, QP| = =

Theorem (2.14: Distance from a Point to a Plane). Let P(zg, 30, 20) be a point. The
distance from P to the plane ax 4 by + cz + k = 0 is given by

_ lazo + byo + czo + k|
Va2 + b2+ 2

Proof. The plane has normal vector n = (a,b, ¢). Taking Q(x1,y1,21) to be some point

on the plane we get
‘Cﬁj n} ~ |{@o — 21,90 — y1,20 — 21) - (a,b,¢) |

n Va2 + b2 + 2
la(zo — x1) + b(yo — y1) + (20 — 21)]
VaZz b2+ 2

_ ’al‘o + byo + czo + k"

Va2 + b2+ 2

ax¥, fl’h 1 CZl Fezo

d

d:

O]

Example (Similar to Exercise 2.289). Find the distance from point P(1,2,3) to the
plane of the equation 4z + 5y — 6z + 7 = 0.

4(1) +5(2) —6(3) +7] [ 3
VE+52+ (=62 | VTT

Solution. d =
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