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§4.7: Maxima/Minima Problems
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1 Recalling the Calc 1 version of this topic
e Local extrema
— Local min (neighboring points all have higher value)
— Local max (neighboring points all have lower value) ~
e Absolute extrema

— Absolute min (a place where the function achieves it minimum value)

— Absolute max (a place where the function achieves it maximum value)

Critical points (values z where f’(z) = 0 or undefined)

— “Take the derivative, set equal to zero, and solve”

local min / local max / neither.

Fact: Local extrema occur at critical points.

Fact: On a closed interval, absolute extrema occur at critical points or endpoints

There were two tests that could be used to classify the critical point as being a

— The first derivative test involved looking at f’(x) to the left and right of the

critical point x = p.

— The second derivative test invovled plugging the critical point into the second

derviative f”(p)
* f"(p) >0 = local min
« f"(p) <0 = local min
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2 Critical points
Definition. A point (xg,yp) is a critical point for a function f if:
V f(z0,y0) = 0 or is undefined.

Theorem (Fermat’s theorem). Local mins and maxes occur at critical points.

2.1 Types of critical points
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{A) Local maximum (B) Local minimum (C) Saddle

2.2 Second Derivative Test

The Second Derivative Test is a way to determine the type of a critical point (a,b) of a
function f(z,y). It involves considering the sign of the discriminant:

D ::1)(a>b):: fgx(a,b)jby(a,b)<—- gy(a7b)

This is sometimes called the “Hessian determinant”. Notice that this formula can be
recognized as a determinant:

f&x(a7b) j&y(aab)

D=t (ab) Ty(a.b)

Theorem (Second Derivative Test). Let P = (a,b) be a critical point for f(z,y). As-
sume frq, fyy, fzy are continuous near P. Then:

(a) If D > 0 and fzz(a,b) > 0, then f(a,b) is a local minimum.
(b) If D > 0 and fy.(a,b) <0, then f(a,b) is a local maximum.
(c) If D <0, then f has a saddle point at (a,b).

)

(d) If D =0, the test is inconclusive.
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Example (Similar to Exercise 312, 320, 331). Find and classify all the critical points
for f(z,y) = 3z%y + 3 — 322 — 3y% + 2.

Solution. Start by computing all the first and second order derivatives:

= bxy — 6z foe =6y —6
fy:3x2+3y2—6y Joy = 6z
Jyy =6y —6

Solving for the critical points:

fe=6zy —6x =0

V=0 =
J {fy:3x2+3y2—6y:0

Factoring a 6z from the first equation, we get
6x(y—1) =0

which says that either z = 0 or y = 1. Trying out each condition on the second
equation:

o Ifz=0:
32 —6y=3y(y—2)=0 = y=0,2

o Ify=1:

322 +3-6=322-3=302>-1)=0 = z=+1

This gives 4 critical points:
(07 0)7 (07 2) (_Ll)/ (Ll)
/

To classify the critical points, we compute the discriminant from the second deriva-
tives:

D(w,y) = fm:}cfyy :cy = 36( )2 — 3622

and use the second derivative test on each of the critical points we found:

(0,00=36>0 and f.,(0,0)=—6 <O
D(0,2) =36 >0 and f,2(0,2)=6>0
(1,1) = —36 <0
(-1,1)=-36<0
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Thus (0,0) is a local max, (0,2) is a local min, and (1,1) and (—1,1) are saddle
points.

Interactive version: https://www.geogebra.org/calculator/cafnwé4fm
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3 Absolute Minima and Maxima

Theorem (Extreme Value Theorem). A continuous function f(x,y) on a closed and
bounded domain D in the plane attains an absolute maximum value at some point of D
and an absolute minimum value at some point of D.

So to find the absolute extreme values of a function f on a closed, bounded set D, we
check

1. the value of f on the critical points of f in D
2. the values of f on the boundary of D

When we regard f restricted to the boundary of D, this reduces the problem to a 1D
absolute extreme values problem (which you’ve done in Calc 1)

Example (Similar to Exercise 346). Find the absolute extrema of the function
fz,y) = 2% — 2zy + 4° — 4oz — 2y + 24

on the domain defined by 0 <z <4 and 0 <y < 2.

Solution.

fr=20—2y—4=0 = y=a—2
fy=—2x+8y—-2=0 = 62—-16—-2=0 — =3

Thus (3,1) is a critical point and f(3,1) = 17.
Next, we find extrema of f on the boundary of the domain.

2t
34
2 s
Ly1 D L




§4.7: Maxima/Minima Problems

June 29, 2023

Along Ly:
() = f(t,0)=t* —4t +24  t€0,4]
Y#)=2t—4=0 = t=2

Corresponding point is (2,0). f(2,0) = 20.
Along Lo: —
Yo(t) = f(4,t) =42 — 10t +24  t€0,2]

5
Yt) =8t—-10=0 = t=7

Corresponding point is (4, %), and f(4, g) = % =17.75
Along Ls:
3(t) = f(t,2) =t> -8t +36  t€[0,4]
v{t)=2t—-8=0 = t=4
£(4,2) = 20,
Along Ly:

Y4(t) = f(0,8) =42 — 2t +24  te[0,2]

1
Yt)=8t—-2=0 = t=7

£(0,3) = 23.75.
—
Also must test the boundaries of the boundaries (i.e., the corners of the domain):

£(0,0) = 24
£(4,0) =24
£(4,2) =20
£(0,2) = 36

Looking through all the points tested and all the values we obtained,
e the absolute maximum value is 36, occurring at (0,2), and

e the absolute minimum value is 17, occurring at (3,1).
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f(x, y) = X2 — 2xy — 4x + 4y2 — 2y + 24

Local maximum
(0, 2, 36)

Local minimum
(4, 2, 20)

35
30

20

(3, 1,17)

(2,0, 20) Global minimum

Local minimum

Remark. This is the Web version of Figure 4.53. The PDF version is incorrectly
labelled.

Example (OpenStax Calc 3 Example 4.40 b.). Find the absolute extrema of the
function
g(z,y) = 2 + y* + 4z — 6y

on the domain 22 + y2 <16

Solution.

Yo=22+4=0 = z=-2
gy =2y—6=0 — y=3

Therefore (—2,3) is a critical point of g. g(—2,3) = —13.
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Now for critical points along the boundary. We parameterize the boundary of the
circle 2 + y? = 16 by

x(t) =4cost, y(t)=4sint te|0,2n]

g(z,y) = 2% +y? + 4z — 6y

v(t) = g(z(t),y(t)) = (4cost)? + (4sint)? + 4(4 cost) — 6(4sint)
=16 + 16 cost — 24sint

7' (t) = —16sint — 24 cost =0
— —16sint = 24 cost

— tant——§
2

Over the interval 0 < t < 2m, this has two solutions: ¢t = 7w — arctan(%) and

t=2m — arctan(%)

o t=m— arctan(%): ¥ ces
sint = sin <7r — arctan(%)) = sin <arctan(§‘>) = 3\1/31>3 43

2413
cost = cos <7T = arctan(%)) = —CO0Ss <arctan(3)> = =
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The corresponding boundary critical point is

(x(t),y(t)) = (4cost,4sint) = (—8\{?; 12?)

3 121
g<_8\1/::3, f) =16 — 8v/13 ~ —12.8444

\ —
o t=2m— arctan(%): ’_%
3v13
sint = sin|( 27 — arctan(%) — —sin arctan(%) = -
13
2v/13
13

cost = cos (277 — arctan(%)) = cos <arctan(§)> =

The corresponding boundary critical point is

(@(0).y(0) = (4cost, sint) = (Wﬁ _wB)

13 7 13

=16 + 8V/13 ~ 44.8444

—_—

8v/13 _12\/E
I\"13 " 13

Thus the function g has the absolute extreme values:

e Absolute minimum value is —13 at (-2, 3)

e Absolute maximum value is 16 + 8v/13 at (\/%, —%)

The book’s figure for this (Figure 4.55, both PDF and web versions) is labelled
incorrectly. Here’s a corrected version.
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