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1 §5.2: Double Integrals over General Regions

1.1 General Regions of Integration
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Figure 5.13 A Type I region lies between two vertical lines and the graphs of two functions of x.
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Figure 5.14 A Type II region lies between two horizontal lines and the graphs of two
functions of y.

Regions of type | and Il

Definition. A region D in the zy-plane is of Type I if it lies between two vertical lines
and the graphs of two continuous functions g;(x) and go(x). Expressed symbolically:

D={(z,y) la<z<bgi(z) <y <gaa)}
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A region D in the zy-plane is of Type II if it lies between two horizontal lines and the
graphs of two continuous functions hq(y) and ha(y). Expressed symbolically:

D={(z,y)|c<y<dhmy) <z <hy(y)}

1.2 Double Integrals over Nonrectangular Regions

Theorem (Fubini's Theorem)

For a function f(x,y) that is continuous on a region D of Type I, we have
b[ rga(x)
// flz,y)dA = // flz,y)dyde = / / f(:v,y)dy-‘ dz.
JJp JJp Ja |Jgi(@) ]

Similarly, for a function f(z,y) that is continuous on a region D of Type II, we have

J[ s@naa= [[ reparay - / ’ /h h(:)y) f(:uy)dx} dy.

- J

Example (Openstax Calc 3 Example 5.13). Evaluate the integral ffD(?;zZ +y?)dA
where D = {(z,y) | -2<y <3, y? -3<z<y+3}.

Type | region: Integrate Type Il region: Integrate
y first with respect to y y first with respect to x

2023 Summer (Calc 3) Page 2

bod



July 5, 2023 §5.2: Double Integrals over General Regions

Solution. It is easier to integrate this as a Type II region.

3 y+3
// (322 +y?)dA = / / (322 + ¢?) dz dy
D y=—2Jy2-3
3 y+3
— [ @ ra?)

—2

dy

z=y2-3

3
/ (—y® + 8y* + 2 — 12¢° + 27y + 54) dy
=3

3
7 {5) 4 )
y' 8y y 3, 27y
S T R - S ZH 1
Tt T W 5y

Theorem (Decomposing Regions into Smaller Regions)

Suppose the region D can be expressed as D = D; U Dy where Dy and Ds do not
overlap except at their boundaries. Then

//Df(ar:,y)dA:/D1 f(w,y)dA+/D2 f(z,y)dA

1.3 Changing the Order of Integration

Sometimes one order of integraiton is significantly simpler than the other.

Example (Openstax Calc 3 Example 5.15). Compute i
L

g ) g ]l—)‘l |
/O /0 ze® dydz -—S E(Q Y y2o *

o
< u.-x‘)e)“ ox

Solution. In the order presented, this integral is challengin% Doing the inner

integral gives the result
\/5 2
/ 2z — 23)e® da
0

which although doable, is a bit bothersome. If instead, we swap the order of inte-
gration,
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y y
0,2) 0, 2)
y=2-x2 X=2-y
0.0l (20 X (0,0) (2,0 x
Type | Type i 2
L X
we get X A_ = l

1.4 Calculating Volumes, Areas, and Average Values

//DldA

Average value of a function over a general region:

fuvg = ﬁ / /D f(z,y)dA

Area of a plane-bounded region:

where A(D) = [, 1dA.

1.5 Similar problems

=

Example (Similar to Exercise 5.78). Evaluate the double integral [f, f(z,y) dA
over the region D:

f(z,y) = cosz and D is the triangular region with vertices (0,0), (3,0), and (3, 3).
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3

Solution. Two setups: 3

3 ap
/ / cosxdydz =
0o Jo
3 3
/ / cosx dz dy
0 Jy

The latter one is easier (avoids IBP):

//cosxdxdy—/ [smx}z ,dy

—/ (smd—smy)dy

&

and

=sin3d-y+cosy

0

=|3sin3 +cos3 — 1

S Cca)x y] 0(}
g xc:o)‘O(X

p L
~ X CAO N
-\ sax
PO —¢ax

‘)

X5 Ay ,-cc)x]f
35y pead -(0+1)

Example (Similar to Exercise 5.80). Evaluate the iterated integral

1 vz
/ / (4zy — y3) dy dz
0 Ja3

Solution.
1 pyz 1 1 vz
/ / (4oy — y*) dyde = {2xy2 7Y } dx
0 Jz3 0 —za
—2z" + :U > dz

12 52

1
{l 3——1’ +ix13} = %
0

D.
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Solution.

S
S

~ / / 1d4
D
2 pz+l
:/ / 1dydz
0 Jz2-1
2 z+1 q
7,/0 [y:ly:zz—l o

2 2
:/(z+1—x2+1)dz:/(—z2+a:+2)dz
0 0

L3
0 3

Remark. If we wanted to integrate in the order dz dy, this region would need to
be split into two separate regions (the bottom function changes at y = 1)

_ Lg 1,
e 3x+2m+2m

Example (Similar to Exercise 5.94). Find the average value of the function f(z,y) =
cosx over the triangular region with vertices (0, 0), (3,0), (3,3). (Same setup as my 3
similar example to 5.78.)

Solution. The area of the region (by geometry) is 3. So

2
favg = 3 (3sin3 4 cos3 — 1)

Fag - 2 Fry) JA'
Ryvy ¥ R

Example (Similar to Exercise 5.109). Find the volume of the solid situated in the

first octant and bounded by the planes 3z + 5y = 1, z = 0, y = 0, z = 10, and

|-
N
~

wi.

2023 Summer (Calc 3) Page 6



July 5, 2023 §5.2: Double Integrals over General Regions

1
Solution. The solid is a triangular prism. The volume is % . % . % -10 = .
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